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THE INDEX CONJECTURE FOR SYMMETRIC SPACES
JU¨RGEN BERNDT AND CARLOS OLMOS
Abstract. In 1980, Oniˇscˇik ([23]) introduced the index of a Riemannian symmetric
space as the minimal codimension of a (proper) totally geodesic submanifold. He cal-
culated the index for symmetric spaces of rank ≤ 2, but for higher rank it was unclear
how to tackle the problem. In [2], [3], [4] and [5] we developed several approaches to
this problem, which allowed us to calculate the index for many symmetric spaces. Our
systematic approach led to a conjecture, formulated first in [2], for how to calculate the
index. The purpose of this paper is to verify the conjecture.
1. Introduction
A generic Riemannian manifold does not admit nontrivial totally geodesic submani-
folds apart from geodesics (see e.g. [17]). The situation becomes more interesting when
considering Riemannian manifolds with many symmetries. A particularly interesting, and
important, class of such manifolds are the Riemannian symmetric spaces. The interplay
between the geometric theory of Riemannian symmetric spaces and the algebraic theory
of semisimple Lie algebras is very fascinating. In our context, the geometric objects of
totally geodesic submanifolds correspond to the algebraic objects of Lie triple systems.
Unfortunately, the algebraic equations underlying Lie triple systems turn out to be very
complicated in general. The series of papers by Klein ([10],[11],[12],[13]) illustrates very
well the complicated nature of classifying Lie triple systems for symmetric spaces of rank
2. Previously, Wolf ([26]) classified totally geodesic submanifolds in symmetric spaces of
rank 1 by geometric methods. In Riemannian symmetric spaces of rank ≥ 3 some “stan-
dard” examples of totally geodesic submanifolds are known, but a classification is out of
reach with known methods.
In this context, Oniˇscˇik ([23]) introduced the notion of index for Riemannian symmetric
spaces. He defined the index i(M) of a Riemannian symmetric space M as the minimal
possible codimension of a nontrivial totally geodesic submanifold. The index provides an
obstruction for the existence of totally geodesic immersions between symmetric spaces
(see Remark 4.8). The basic questions are:
What is the index of a Riemannian symmetric space, and how to determine it?
In [23], Oniˇscˇik used standard Lie algebraic methods to determine the index of irre-
ducible Riemannian symmetric spaces of rank 2. In our previous work ([2],[3],[4],[5]) we
developed several systematic approaches to these two questions. For many symmetric
spaces we were able to determine the index, but more importantly a conjecture, the so-
called Index Conjecture for Symmetric Spaces, emerged. The conjecture was first formu-
lated in [2] and relates the index to fixed point sets of involutions on symmetric spaces.
The involutions on irreducible Riemannian symmetric spaces M of compact type and
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their fixed point sets were determined and studied thoroughly by Nagano and Tanaka
([18], [19], [20], [21], [22]). Every connected component Σ of such a fixed point set is a
totally geodesic submanifold ofM . Geometrically, the involution is the geodesic reflection
of M in Σ. This is why such a totally geodesic submanifold, given by an involution, is
also called a reflective submanifold. Algebraically, a reflective submanifold corresponds
to a Lie triple system for which the orthogonal complement is also a Lie triple system.
We call such a Lie triple system a reflective Lie triple system. Reflective submanifolds of
irreducible Riemannian symmetric spaces of compact type were studied by Leung in [15]
and [16], where one can also find explicit tables concerning their classification. Since all
involutions, or equivalently, reflective submanifolds on irreducible Riemannian symmetric
spaces of compact type are explicitly known, it is easy to compute the minimal possible
codimension of a reflective submanifold, which we call the reflective index ofM and denote
by ir(M). Our conjecture states:
Index Conjecture for Symmetric Spaces. For every irreducible Riemannian sym-
metric space M we have i(M) = ir(M), unless M = G2/SO4 or M = G
2
2/SO4.
The situation for M = G2/SO4 is quite unique. The special unitary group SU3 is a
maximal subgroup of G2 and one of its orbits in G2/SO4 is totally geodesic and isometric
to the 5-dimensional symmetric space SU3/SO3, and thus i(M) ≤ 3. In fact, as Oniˇscˇik
proved in [23], we have i(M) = 3. On the other hand, according to Nagano ([18]), the
only nontrivial involutions on G2/SO4 are the geodesic symmetries, whose nontrivial fixed
point sets are 4-dimensional and locally isometric to S2 × S2. Therefore, the reflective
index of M = G2/SO4 is ir(M) = 4. For G
2
2/SO4 the corresponding statements hold via
duality between symmetric spaces of compact type and of noncompact type.
The purpose of this paper is to give an affirmative answer to the Index Conjecture
for Symmetric Spaces. With the methods that we developed in our previous work on
this topic we could verify the conjecture for some series of classical symmetric spaces, all
compact simple Lie groups and all exceptional symmetric spaces. However, none of these
methods lead to conclusions for the following three series of classical symmetric spaces:
(i) M = SU2r+2/Spr+1 for r ≥ 3. Conjecture: i(M) = 4r for r ≥ 4 and i(M) = 11
for r = 3 (rk(M) = r).
(ii) M = Sp2r+k/SprSpr+k for k ≥ 0 and r ≥ max{3, k + 2}. Conjecture: i(M) = 4r
(rk(M) = r).
(iii) M = SO2k+2/Uk+1 for k ≥ 5. Conjecture: i(M) = 2k (rk(M) =
[
k+1
2
]
).
For each of these three series of classical symmetric spaces we develop a new methodology
for calculating the index. None of the three methods can be used to prove the index
conjecture for the other series of symmetric spaces. We outline the methods here. By Σ
we always denote a maximal totally geodesic of M .
(i) The Lagrangian Grassmannians M = SU2r+2/Spr+1. If Σ is maximal and
locally reducible, and if a local de Rham factor of Σ has a root system that is not of
type A, then we show that Σ is nonsemisimple (Lemma 5.1). From previous work we
know that in this case Σ is reflective. When the root system of all de Rham factors is
of type A, we prove some estimates involving dimensions and ranks, which show that
codim(Σ) > ir(M) (Proposition 5.6). We can thus assume that Σ is locally irreducible
and its root system is not of type A. This leads to three possibilities (Lemma 5.3): (a) Σ
is an inner symmetric space; (b) The maximum of the multiplicities of all roots is ≤ 2; (c)
Σ is locally isometric to the real Grassmannian Σ = SO2s+n/SOsSOs+n with s ≥ 3 odd
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and n ≥ 4 even. For case (a) we show that every maximal totally geodesic submanifold Σ
of an outer irreducible symmetric space, where Σ an inner symmetric space, is reflective
(Proposition 4.3). For case (b) we prove an estimate involving the number of reflections
in the associated Weyl groups (Proposition 4.1), which then leads to codim(Σ) ≥ ir(M)
(Proposition 5.5). For case (c) we construct an involution on M which has a fixed point
set of dimension greater than dim(Σ) (Proposition 5.4).
(ii) The quaternionic Grassmannians M = Sp2r+k/SprSpr+k. We first show that
i(Σ) ≤ i(M) (Proposition 4.7). Using this result we can reduce the problem to the case
k = 0, that is, M = Sp2r/SprSpr (Lemma 6.1). We can realize the symplectic group Spr
as a centrosome in M = Sp2r/SprSpr, and since i(Spr) = 4r − 4, we can conclude that
4r − 4 ≤ i(M) ≤ 4r (Lemma 6.2). We then derive some inequalities for dimension and
rank of the isotropy group of Σ and its locally irreducible factors (Lemma 6.3). Using
these inequalities we prove the conjecture for r ∈ {3, 4, 5} using case-by-case methods
(Propositions 6.4, 6.5 and 6.6). To simplify these case-by-case calculations we develop a
general theory for reducible totally geodesic submanifolds with rank 1 factors (Section 3),
which allows us to dismiss many possibilities. For r ≥ 6 we then develop an inductive
argument (Proposition 6.7), for which we prove an estimate for the codimension of a
totally geodesic submanifold in the product of two irreducible Riemannian symmetric
spaces (Proposition 4.10).
(iii) The Hermitian symmetric spaces M = SO2k+2/Uk+1. We first develop a
general theory that applies to all irreducible Hermitian symmetric spaces. To begin with,
we prove that every maximal totally geodesic submanifold Σ with codim(Σ) less than
half the dimension of the Hermitian symmetric space must be a complex submanifold
(Proposition 7.1). We then prove that if the codimension of Σ satisfy a certain inequality,
then Σ is reflective (Proposition 7.2). We can use this inequality to prove that the Index
Conjecture is valid for all classical irreducible Hermitian symmetric spaces (Theorem 7.3),
hence in particular for the remaining space M = SO2k+2/Uk+1.
We can now state the main result of this paper:
Theorem 1.1. For every irreducible Riemannian symmetric space M we have i(M) =
ir(M), unless M = G2/SO4 or M = G
2
2/SO4.
Equivalently, ifM is an irreducible Riemannian symmetric space different from G2/SO4
and G22/SO4, then there exists an isometric involution σ on M so that i(M) = codim(Σ),
where Σ is a connected component of the fixed point set of σ of maximal dimension.
Theorem 1.1 follows from [26] (for rk(M) = 1), [23] (for rk(M) = 2), [2], [3], [4] (for
compact simple Lie groups and many symmetric spaces of higher rank), [5] (for exceptional
symmetric spaces), and finally Theorems 5.7, 6.9 and 7.3 in this paper. In Table 1 we
list the index for all irreducible Riemannian symmetric spaces M of noncompact type
together with examples of totally geodesic submanifolds Σ with codim(Σ) = i(M). The
symmetric spaces in the table are ordered according to their root systems (Ar, Br, Cr,
Dr, BCr, E6, E7, E8, F4, G2).
2. Preliminaries and notations
In this section we introduce notations that we are using throughout the paper. For the
general theory about Riemannian symmetric spaces we refer to [8] and [27].
Let M be a connected Riemannian symmetric space and o ∈ M . We normally denote
by n = dim(M) the dimension of M and by r = rk(M) the rank of M . The isometry
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Table 1. The index i(M) of irreducible Riemannian symmetric spaces M
of noncompact type and examples of totally geodesic submanifolds Σ of M
with codim(Σ) = i(M)
M Σ dim(M) i(M) Comments
SOo1,1+k/SO1+k SO
o
1,k/SOk k + 1 1 k ≥ 1
SLr+1(R)/SOr+1 R× SLr(R)/SOr
1
2
r(r + 3) r r ≥ 2
SL3(C)/SU3 SL3(R)/SO3 8 3
SL4(C)/SU4 Sp2(C)/Sp2 15 5
SLr+1(C)/SUr+1 R× SLr(C)/SUr r(r + 2) 2r r ≥ 4
SU∗6 /Sp3 SL3(C)/SU3 14 6
SU∗8 /Sp4 Sp2,2/Sp2Sp2 27 11
SU∗2r+2/Spr+1 R× SU
∗
2r/Spr r(2r + 3) 4r r ≥ 4
E−266 /F4 F
−20
4 /Spin9 26 10
SOor,r+k/SOrSOr+k SO
o
r,r+k−1/SOrSOr+k−1 r(r + k) r r ≥ 2, k ≥ 1
SO2r+1(C)/SO2r+1 SO2r(C)/SO2r r(2r + 1) 2r r ≥ 2
Spr(R)/Ur RH
2 × Spr−1(R)/Ur−1 r(r + 1) 2r−2 r ≥ 3
SUr,r/S(UrUr) SUr−1,r/S(Ur−1Ur) 2r
2 2r r ≥ 3
Spr(C)/Spr RH
3 × Spr−1(C)/Spr−1 r(2r + 1) 4r−4 r ≥ 3
SO∗4r/U2r SO
∗
4r−2/U2r−1 2r(2r−1) 4r−2 r ≥ 3
Spr,r/SprSpr Spr−1,r/Spr−1Spr 4r
2 4r r ≥ 3
E−257 /E6U1 E
−14
6 /Spin10U1 54 22
SOor,r/SOrSOr SO
o
r−1,r/SOr−1SOr r
2 r r ≥ 4
SO2r(C)/SO2r SO2r−1(C)/SO2r−1 r(2r − 1) 2r−1 r ≥ 4
SUr,r+k/S(UrUr+k) SUr,r+k−1/S(UrUr+k−1) 2r(r + k) 2r r ≥ 1, k ≥ 1
Spr,r+k/SprSpr+k Spr,r+k−1/SprSpr+k−1 4r(r + k) 4r r ≥ 1, k ≥ 1
SO∗4r+2/U2r+1 SO
∗
4r/U2r 2r(2r+1) 4r r ≥ 2
F−204 /Spin9 SO
o
1,8/SO8, Sp1,2/Sp1Sp2 16 8
E−146 /Spin10U1 SO
∗
10/U5 32 12
E66/Sp4 F
4
4 /Sp3Sp1 42 14
E6(C)/E6 F4(C)/F4 78 26
E77/SU8 R×E
6
6/Sp4 70 27
E7(C)/E7 R×E6(C)/E6 133 54
E88/SO16 RH
2 ×E77/SU8 128 56
E8(C)/E8 RH
3 ×E7(C)/E7 248 112
F 44 /Sp3Sp1 SO
o
4,5/SO4SO5 28 8
E26/SU6Sp1 F
4
4 /Sp3Sp1 40 12
F4(C)/F4 SO9(C)/SO9 52 16
E−57 /SO12Sp1 E
2
6/SU6Sp1 64 24
E−248 /E7Sp1 E
−5
7 /SO12Sp1 112 48
G22/SO4 SL3(R)/SO3 8 3
G2(C)/G2 G
2
2/SO4, SL3(C)/SU3 14 6
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group of M is denoted by I(M) and the connected component of I(M) containing the
identity transformation is denote by G = I(M)o. We denote by K the isotropy group
of G at o. Then M can be identified in the canonical way with the homogeneous space
G/K equipped with a suitable G-invariant Riemannian metric. We denote g and k the Lie
algebras of G and K, respectively. The induced Cartan decomposition of g is g = k ⊕ p.
We identify p with the tangent space ToM of M at o in the usual way.
Let Σ be a connected complete totally geodesic submanifold of M . Since G acts tran-
sitively on M , we can always assume without loss of generality that o ∈ Σ. The tan-
gent space ToΣ is a Lie triple system in p, that is, [[ToΣ, ToΣ], ToΣ] ⊆ ToΣ. We define
k′ = [ToΣ, ToΣ] ⊆ k and g
′ = k′ ⊕ ToΣ ⊆ p and denote by K
′ and G′ the connected closed
subgroups of K and G with with Lie algebras k′ and g′, respectively. Then Σ can be
identified with the homogeneous space G′/K ′. The group G′ is known as the group of
glide transformations of Σ and K ′ as the glide isotropy group of Σ at o. The normal
space of Σ at o is denoted by νoΣ. A Lie triple system V in p is said to be a reflective Lie
triple system if the orthogonal complement of V in p is a Lie triple system. The totally
geodesic submanifolds corrersponding to reflective Lie triple systems are called reflective
submanifolds.
Let M = G/K be a Riemannian symmetric space of compact type and consider the
complexification gC of g. Using the Cartan decomposition g = k⊕p, we define a subalgebra
g∗ of gC by g∗ = k⊕ ip. Let G∗ be the connected closed subgroup of GC with Lie algebra
g∗. Then G∗/K is a Riemannian symmetric space of noncompact type. If we start with a
Riemannian symmetric space of noncompact type and perform the analogous construction,
we end up with a Riemannian symmetric space of compact type. This process is known as
duality between Riemannian symmetric spaces of compact type and of noncompact type.
It essentially says that, up to possible finite subcoverings in the compact case, there is a
one-to-one correspondence between Riemannian symmetric spaces of compact type and
of noncompact type. If V is a Lie triple system in p, then iV is a Lie triple system in ip.
Therefore, duality preserves totally geodesic submanifolds. For this reason we sometimes
switch between symmetric spaces of compact type and of noncompact type, which has
the advantage that we can apply methods that are specifically designed to the compact
or the noncompact situation.
3. Reducible totally geodesic submanifolds with rank one factors
In this section we investigate the codimension of locally reducible totally geodesic sub-
manifolds with a factor of rank 1. The following result was proved in [5].
Proposition 3.1. [5, Proposition 5.6] Let Σ be a reducible maximal totally geodesic sub-
manifold of an irreducible Riemannian symmetric space M of noncompact type. Assume
that the de Rham decomposition of Σ contains a real hyperbolic space RHk (k ≥ 2), a
complex hyperbolic space CHk (k ≥ 2), the symmetric space SL3(R)/SO3, or the sym-
metric space SOo2,2+k/SO2SO2+k (k ≥ 1 odd). Then either Σ = RH
k1 × RHk2 for some
k1, k2 ≥ 2, or there exists a reflective submanifold Σ
′ of M with dim(Σ′) ≥ dim(Σ).
The purpose of this section is to prove the following result:
Theorem 3.2. Let Σ be a locally reducible maximal totally geodesic submanifold of an
irreducible Riemannian symmetric space M . Assume that the de Rham decomposition of
the Riemannian universal covering space Σ˜ of Σ contains a symmetric space of rank 1
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and is not equal to the Riemannian product of two spaces of nonzero constant curvature.
Then codim(Σ) ≥ ir(M).
Using duality between symmetric spaces of compact type and of noncompact type, we
can restrict to the case that M is of noncompact type. Then we have Σ˜ = Σ. Taking into
account Proposition 3.1, it remains to consider the quaternionic hyperbolic space HHk
(k ≥ 2) and the Cayley hyperbolic plane OH2 as a possible rank 1 factor. We start with
the quaternionic case.
Lemma 3.3. Let M = HHn = Sp1,n/Sp1Spn be the n-dimensional quaternionic hyper-
bolic space and consider the reflective submanifold Σ = HHk = Sp1,k/Sp1Spk, 1 ≤ k < n,
of M . Let ρ : Sp1Spk → SO(νoΣ) be the slice representation of Σ. Then the Lie algebra
of ρ(Sp1Spk) is isomorphic to so3.
Proof. The Lie algebra sp1⊕spk of the isotropy group Sp1Spk is linearly generated by the
curvature endomorphisms Ru,v with u, v ∈ ToΣ. Hence the Lie algebra of ρ(Sp1Spk) is
linearly generated by the restrictions Ru,v|νoΣ ∈ so(νoΣ) with u, v ∈ ToΣ. It is well-known
that, up to a positive scalar multiple, the curvature tensor R of HHn is given by
Ru,vw = −〈v, w〉u+ 〈u, w〉v −
3∑
ν=1
(〈Jνv, w〉Jνu− 〈Jνu, w〉Jνv − 2〈Jνu, v〉Jνw) , (3.1)
where J1, J2, J3 is a canonical basis of the quaternionic Ka¨hler structure of HH
n at o. It
follows immediately from (3.1) that the Lie algebra of ρ(Sp1Spk) is linearly generated by
J1, J2, J3 and isomorphic to so3. 
Lemma 3.4. Let M = HHn = G/K = Sp1,n/Sp1Spn, Σ = HH
n−1 = Sp1,n−1/Sp1Spn−1
and Σ⊥ = H/L = Sp1,1/Sp1Sp1 ∼= HH
1 be the reflective submanifold of M perpendicular
to Σ at o. Let τ ∈ I(M) be the geodesic reflection of M in Σ. Then τ ∈ L ⊂ K.
Proof. Since Σ is a reflective submanifold of M , τ is an isometry. The full isometry group
of HHn is connected and therefore τ ∈ K. By construction, the restriction τ |Σ⊥ is the
geodesic symmetry of Σ⊥ ∼= HH1 at o. Since HH1 ∼= RH4, the geodesic symmetry τ |Σ⊥
is an inner isometry of Σ⊥. The slice representation of L ∼= Sp1Sp1 on νoΣ
⊥ = ToΣ is
(z, w) · ξ = ξz−1 with (z, w) ∈ L ∼= Sp1Sp1 and ξ ∈ νoΣ
⊥. The isotropy representation
of L ∼= Sp1Sp1 on ToΣ
⊥ = νoΣ is (z, w) · X = wXz
−1 with (z, w) ∈ L ∼= Sp1Sp1 and
X ∈ ToΣ
⊥. As τ |Σ = idΣ, we have doτ |ToΣ = id |ToΣ and doτ |ToΣ⊥ = − id |ToΣ⊥ , it follows
that τ ∈ L, corresponding to the element (1,−1) ∈ Sp1Sp1. 
We now prove Theorem 3.2 for the case that Σ contains a quaternionic hyperbolic space
as a de Rham factor.
Proposition 3.5. Let Σ be a reducible maximal totally geodesic submanifold of an ir-
reducible Riemannian symmetric space M of noncompact type. Assume that the de
Rham decomposition of Σ contains a quaternionic hyperbolic space HHk, k ≥ 2. Then
codim(Σ) ≥ ir(M).
Proof. We can assume that o ∈ Σ and write M = G/K and Σ = G′/K ′ as in Section 2. If
Σ is nonsemisimple, then Σ is reflective by [2, Theorem 1.2] and hence codim(Σ) ≥ ir(M).
We therefore can assume that Σ is semisimple. By assumption, we have Σ = Σ1×Σ2 with
Σ1 = G
′
1/K
′
1
∼= HHk = Sp1,k/Sp1Spk. We fix a totally geodesic Σ˜ ∼= HH
k−1 in Σ1 with
o ∈ Σ˜. This is a reflective submanifold of Σ1 and there exists a reflective submanifold
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Σ˜⊥ ∼= HH1 of Σ1 with o ∈ Σ˜
⊥ that is perpendicular to Σ˜ at o. Let τ ∈ I(Σ1) be the
geodesic reflection of Σ1 in Σ˜. By Lemma 3.4, τ ∈ K
′
1 ⊂ K
′ ⊂ K. With the same
arguments as in the proof of Proposition 3.1, by replacing τ with a suitable odd power of
τ , we may assume that τ is an involutive isometry of M . Moreover, analogously to the
proof of Proposition 3.1, if the set
V = FixνoΣ(doτ) = {v ∈ νoΣ : doτ(v) = v}
of fixed vectors of doτ in νoΣ is trivial, then Σ˜ × Σ2 ⊂ Σ is a reflective submanifold of
M , and it follows from [5, Corollary 2.9] that Σ is a reflective submanifold of M , which
implies codim(Σ) ≥ ir(M).
Thus we can assume dim(V ) ≥ 1. Since τ is involutive, the totally geodesic submanifold
Σ′ of M with ToΣ
′ = ToΣ˜⊕ToΣ2⊕V is reflective. If dim(V ) ≥ 4, then dim(Σ) ≤ dim(Σ
′)
and thus codim(Σ) ≥ ir(M). If dim(V ) = 1, we obtain by a similar argument to that
used in the proof of Proposition 3.1, that Σ has only one other de Rham factor, which is
isometric to a real hyperbolic space. Then, again by Proposition 3.1, Σ is a product of
real hyperbolic spaces, which is a contradiction. Thus we are left with the two possibilities
dim(V ) ∈ {2, 3}.
Lemma 3.6. ToΣ2 ⊕ V is a Lie triple system.
Proof. Consider the slice representation ρ¯ of the isotropy group Sp1Spk−1 of Σ˜ on its
normal space ToΣ2 ⊕ V in Σ
′. The isotropy group Sp1Spk−1 acts trivially on ToΣ2, since
Σ1 × Σ2 = Σ and Σ˜ ⊂ Σ1. Since dim(Sp1Spk−1) ≥ 6 and dim(SO(V )) ≤ 3, ker(ρ¯)
is a nontrivial normal subgroup of Sp1Spk−1. The set F of fixed vectors of this normal
subgroup in ToΣ˜ is trivial. (Note that F 6= ToΣ˜, since Sp1Spk−1 acts almost effectively.) In
fact, if F is nontrivial, F must be invariant under Sp1Spk−1 and so Σ˜ would be reducible,
which is a contradiction. Therefore the set of fixed vectors of ker(ρ¯) in ToΣ
′ is exactly
ToΣ2 ⊕ V and so this subspace is a Lie triple system. 
Lemma 3.7. The slice representation ρ¯ of the isotropy group Sp1Spk−1 of Σ˜ on its normal
space ToΣ2 ⊕ V in Σ
′ is trivial.
Proof. Since Sp1Spk−1 acts trivially on ToΣ2, we only need to show that Sp1Spk−1 acts
trivially on V . Assume that ρ¯ is nontrivial. Since Sp1Spk−1 has no normal subgroups
of codimension 1, we must have dim(ρ¯(Sp1Spk−1)) > 1. This proves our assertion for
dim(V ) = 2. Assume that dim(V ) = 3 and ρ¯(Sp1Spk−1) = SO(V ). Then there are
no nonzero fixed vectors by ρ¯(Sp1Spk−1) in V . From Lemma 3.6 we know that Σ˜ is a
reflective submanifold of Σ′. So the set of fixed vectors of ρ¯, which coincides with ToΣ2, is
invariant under the isotropy group of the perpendicular reflective submanifold P , where
ToP = ToΣ2⊕V . Then Σ2 is a de Rham factor of P and so [ToΣ2, V ] = {0}. This implies
that the centralizer zp(ToΣ2) of ToΣ2 in p contains ToΣ1 ⊕ V . Then zp(ToΣ2) + ToΣ2 is a
proper Lie triple system in ToM containing ToΣ properly. This contradicts the maximality
of Σ and so the assertion follows. 
Lemma 3.8. Σ˜ is a de Rham factor of Σ′.
Proof. Since ρ¯ is trivial by Lemma 3.7, it follows from [5, Proposition 3.8] that Σ˜ is either
a de Rham factor of Σ′ or it is contained in a de Rham factor M1 of Σ
′ of constant
curvature. Assume the latter holds. Note that M1 is strictly contained in Σ
′. In fact,
we have rk(Σ′) ≥ 2 since [ToΣ˜, ToΣ2] = {0}. Let us write Σ
′ = M1 ×M2, where M2 is
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not necessarily irreducible. Note that Σ2 ⊂ M2. In fact, if v ∈ ToΣ2, then its orthogonal
projection onto ToM1 must be trivial since rk(M1) = 1, Σ˜ ⊂M1 and [v, ToΣ˜] = {0}. Then
[ToΣ2, ToM1] = {0} and, as in the proof of Lemma 3.7, zp(ToΣ2) + ToΣ2 is a proper Lie
triple system in ToM that properly contains ToΣ. This contradicts the maximality of Σ
and the assertion follows. 
We continue with the proof of Proposition 3.5. Let Σ′⊥ be the reflective submanifold
of M which is perpendicular to Σ′ at o. Then, by construction, ToΣ
′⊥ is the (−1)-
eigenspace of doτ . Note that ToΣ˜
⊥ ⊂ ToΣ
′⊥. According to Lemma 3.3, the kernel H
of the representation of Sp1Spk−1 (as in Lemma 3.7) on ToΣ˜
⊥ must be isomorphic to
Spk−1 (and hence of dimension ≥ 3). It follows from Lemma 3.8 that H acts trivially on
ToΣ2⊕V . Since H is a normal subgroup of the isotropy group at o of the de Rham factor
Σ˜ of Σ′ (see Lemma 3.8), H is a normal subgroup of the isotropy group of Σ′. Then, the
set W of fixed vectors of H on the normal space νoΣ
′, which contains ToΣ˜
⊥, is invariant
under the isotropy group at o of the complementary reflective submanifold Σ′⊥. Then
W = ToQ, where Q is a de Rham factor of Σ
′⊥.
Assume that W = ToΣ
′⊥. Using Lemma 3.7 we see that H acts trivially on ToΣ2 ⊕ V .
Then H acts trivially on νoΣ˜ = ToΣ2⊕ V ⊕W . Using [5, Proposition 2.8] we obtain that
Σ˜ is reflective. Then, using [5, Corollary 2.9] and the fact that Σ˜ ⊂ Σ, we see that Σ is
reflective and hence codim(Σ) ≥ ir(M).
Next, assume that W is a proper subspace of ToΣ
′⊥, or equivalently, Q is properly
contained in Σ′⊥. Let us write, as a nontrivial Riemannian product, Σ′⊥ = Q×Q′, where
o ∈ Q′ and ToQ
′ is the orthogonal complement ofW in ToΣ
′⊥. Then dim(Q′) ≥ 3, because
otherwise H ∼= Spk−1 would act trivially on ToQ
′. Let us consider the involutive isometry
τ ∈ L, where L ∼= Sp1Sp1 ⊂ K is the glide isotropy group of Σ˜
⊥. Recall that ToΣ
′ is the
(+1)-eigenspace of doτ and ToΣ˜
⊥ is contained in the (−1)-eigenspace of doτ .
Lemma 3.9. The involution τ commutes with every isometry in the glide isotropy group
L ∼= Sp1Sp1 of Σ˜
⊥.
Proof. Consider the set A = {k ◦ τ ◦ k−1 ◦ τ−1 : k ∈ L} ⊂ L of isometries of M . Note that
A is connected, since L is connected. Note also that any isometry in A acts trivially on
Σ˜⊥. Since L acts almost effectively on Σ˜⊥, A must be discrete and thus A = {idM}, since
A is connected. 
From Lemma 3.9 we see that L, via the isotropy representation, leaves the (+1)-
eigenspace ToΣ
′ of doτ invariant. Consequently, L leaves Σ
′ invariant. According to
Lemma 3.3 there exists a nontrivial normal subgroup L˜ ∼= Sp1 of L such that L˜ acts
trivially on ToΣ˜. Note that L˜ acts trivially also on ToΣ2, which follows from the fact that
Σ = Σ1 × Σ2 (note that Σ˜
⊥ is a totally geodesic submanifold of Σ1).
Lemma 3.10. The normal subgroup L˜ of L acts trivially on V .
Proof. We have L˜(V ) ⊂ V , because L˜(ToΣ
′) = ToΣ
′ = ToΣ˜⊕ToΣ2⊕V and L˜ acts trivially
on both ToΣ˜ and ToΣ2. If dim(V ) = 2, then L˜ acts trivially on V since L˜ ∼= Sp1 ∼= Spin3.
Let dim(V ) = 3. Assume that L˜ acts on V nontrivially and let g ∈ L˜ be such that
h = g|V 6= id. Since L˜ is connected, +1 is an eigenvalue of doh with multiplicity 1.
Let Rv with 0 6= v ∈ V be the corresponding eigenspace. Recall from Lemma 3.6 that
ToΣ2 ⊕ V is a Lie triple system. This Lie triple system is invariant under L˜. Then
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ToΣ2 ⊕ Rv is also a Lie triple system, since it coincides with the set of fixed vectors of g
in ToΣ2 ⊕ V . Let X be the totally geodesic submanifold of M with ToX = ToΣ2 ⊕ Rv.
Then Σ2 is a semisimple totally geodesic hypersurface of X . Then, by [5, Lemma 5.5],
either there exists an irreducible de Rham factor Σ′2 of Σ2 with constant curvature, or X
is a Riemannian product X = Σ2×R. In the first case, by Proposition 3.1, Σ is a product
of spaces of constant curvature, which contradicts our assumption. In the second case,
zp(ToΣ
′
2) + ToΣ
′
2 is a proper Lie triple system in ToM that properly contains ToΣ, since it
also contains v. This contradicts the maximality of Σ. 
From Lemma 3.10 and its preceding paragraph we see that L˜ acts trivially on ToΣ
′.
Since L˜ ⊂ L, and L is included in the glide isotropy group of Q at o, L˜ acts trivially on
ToQ
′. Let U ⊂ ToM be the subspace of fixed vectors of L˜. Then ToΣ
′ ⊕ ToQ
′ ⊂ U and so
dim(U) ≥ dim(ToΣ
′) + dim(ToQ
′) ≥ dim(Σ)− 2 + 3 > dim(Σ).
Then the totally geodesic submanifold S of M with ToS = U satisfies dim(U) > dim(Σ).
Moreover, S contains the reflective submanifold Σ′. Then S is reflective by [5, Corol-
lary 2.9] and it follows that codim(Σ) > codim(S) ≥ ir(M). This finishes the proof of
Proposition 3.5. 
We now consider the Cayley hyperbolic plane OH2 as a possible rank 1 factor.
Proposition 3.11. Let Σ be a reducible maximal totally geodesic submanifold of an ir-
reducible Riemannian symmetric space M = G/K of noncompact type. Assume that the
de Rham decomposition of Σ contains the Cayley hyperbolic plane OH2 as a factor. Then
codim(Σ) ≥ ir(M).
Proof. The full isometry group of OH2 is connected and isomorphic to the noncompact
real simple Lie group F−204 . The isotropy group at o is isomorphic to Spin9 and thus
we can write OH2 = F−204 /Spin9. The isotropy representation of Spin9 on ToOH
2 is
equivalent to the spin representation of Spin9 on R
16.
As usual, we can assume o ∈ Σ and write Σ = G′/K ′ as in Section 2. If Σ is non-
semisimple, then Σ is reflective by [2, Theorem 1.2] and thus codim(Σ) ≥ ir(M). We can
therefore assume that Σ is semisimple. By assumption, we have Σ = OH2 × Σ¯, where Σ¯
is a semisimple Riemannian symmetric space of noncompact type.
The Cayley hyperbolic plane admits only one type of polars, namely Cayley hyperbolic
lines OH1, all of which are congruent to each other in OH2 and isometric to the real
hyperbolic space RH8. We choose a Cayley hyperbolic line P ∼= OH1 in OH2 with
o ∈ P and denote by Q ∼= OH1 the Cayley hyperbolic line in OH2 with o ∈ Q that
is perpendicular to P at o. Note that P and Q is a pair of complementary reflective
submanifolds of OH2 and ToOH
2 = ToP ⊕ ToQ. The subgroup of the isotropy group
Spin9 leaving this decomposition invariant is (isomorphic to) Spin8. The restriction to
Spin8 of the isotropy representation of Spin9 is equivalent to the direct sum of the two
inequivalent spin representations of Spin8 on R
8. The subgroup Spin8 is the isotropy
group of each of the two groups of glide transformations of P and Q.
We denote by τP , τQ ∈ Spin8 the geodesic reflections of OH
2 in P and Q, respectively.
Since Spin8 ⊂ Spin9 ⊂ K
′ ⊂ K, both τP and τQ can be viewed as isometries of M .
Note that τP and τQ lie both in the (finite) center ZSpin(8) of Spin8, since τP |Q, τQ|P are
the geodesic symmetries of Q and P , respectively (and Spin8 acts almost effectively on
both P and Q). Since any nontrivial element in the center ZSpin(8) of Spin8 has order 2,
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τP and τQ have both order 2, as elements of K. We define VP = FixνoΣ(doτP ) = {v ∈
νoΣ : doτP (v) = v}. Then ToP ⊕ ToΣ¯ ⊕ VP = FixToM(doτP ). Evidently, FixToM(doτP ) is
a reflective Lie triple system in ToM . Let ΣP be the reflective submanifold of M with
ToΣP = FixToM(doτP ) and Σ
⊥
P be the reflective submanifold of M with ToΣ
⊥
P = νoΣP .
Note that Q ⊆ Σ⊥P .
If dim(VP ) = 0, then P × Σ¯ is a reflective submanifold of M . It then follows from [5,
Corollary 2.9] that Σ is a reflective submanifold of M and hence codim(Σ) ≥ ir(M).
If dim(VP ) ≥ 8, then dim(Σ) ≤ dim(ΣP ) and hence codim(Σ) ≥ codim(ΣP ) ≥ ir(M).
If dim(VP ) ∈ {1, . . . , 7}, then the isotropy group Spin8 acts trivially on VP . Since
Spin8 acts trivially also on ToΣ¯, it follows that the slice representation of Spin8 on the
normal space ToΣ¯ ⊕ VP of P at o in ΣP is trivial. An analogous argument as for the
quaternionic case in the proof of Lemma 3.8 shows that P is a de Rham factor of ΣP .
The set FixToΣ⊥P (doτQ) is a Lie triple system containing ToQ and invariant under the glide
isotropy group H of Σ⊥P at o. In fact, H leaves invariant the factor P of ΣP and so it
must leave invariant the finite center ZSpin(8) of Spin8. Then the identity component
Ho of H must commute with ZSpin(8) and in particular with τQ. Thus there exists a
Riemannian factor Σ˜⊥P of Σ
⊥
P such that ToΣ˜
⊥
P = FixToΣ⊥P (doτQ). Note that Q ⊆ Σ˜
⊥
P . We
have doτQ|ToP = − id |ToP and, since τQ ∈ Spin8 and the slice representation of Spin8 on
the normal space ToΣ¯⊕VP of P at o in ΣP is trivial, doτQ|ToΣ¯⊕VP = id |ToΣ¯⊕VP . Therefore,
if Σ˜⊥P = Σ
⊥
P , then P is a reflective submanifold of M and [5, Corollary 2.9] implies that
Σ is a reflective submanifold of M and hence codim(Σ) ≥ ir(M). Otherwise, we get a
proper Riemannian product decomposition Σ⊥P = Σ˜
⊥
P × Σ¯
⊥
P . Since Q ⊂ Σ˜
⊥
P , the isotropy
group Spin8 of Q acts trivially on ToΣ¯
⊥
P . As τQ ∈ Spin8, this implies doτQ|ToΣ¯⊥P = idToΣ¯⊥P ,
which is a contradiction to ToΣ˜
⊥
P = FixToΣ⊥P (doτQ). This finishes the proof. 
4. General structure results
In this section we prove some general results about totally geodesic submanifolds in
symmetric spaces, which will be useful for later purposes. We start by investigating
reflection hyperplanes of totally geodesic submanifolds.
Proposition 4.1. Let M = G/K be a simply connected irreducible Riemannian symmet-
ric space and Σ = G′/K ′ be a totally geodesic submanifold. Let W and W ′ be the Weyl
groups associated with M and Σ, respectively. Let b and b′ be the number of reflection
hyperplanes of W and W ′, respectively. Then b′ ≤ b.
Proof. By duality, we can assume that M is of noncompact type. Then Σ is simply
connected and hence K ′ is connected. Let g = k ⊕ p and g′ = k′ ⊕ p′ be the Cartan
decompositions associated with (G,K) and (G′, K ′), respectively. As usual, we identify
ToM with p and ToΣ with p
′. Let a′ be a maximal abelian subspace of p′ and a be a
maximal abelian subspace of p with a′ ⊆ a. We consider W and W ′ as reflection groups
of a and a′, respectively.
Let H ′1, . . . , H
′
b′ ⊂ a
′ and H1, . . . , Hb ⊂ a be the distinct reflection hyperplanes associ-
ated with W ′ and W , respectively. We define the set
J = {j ∈ {1, . . . , b} : a′ ⊆ Hj},
which could be an empty or a nonempty set. Since the intersection of all reflection
hyperplanes is {0}, J is properly contained in {1, . . . , b}. By a suitable labelling of the
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reflection hyperplanes we can assume that there exists j0 ∈ {1, . . . , b} such that
j /∈ J ⇐⇒ j ≥ j0.
Then Hj ∩ a
′ = a′ if j < j0 and Hj ∩ a
′ is a hyperplane of a′ if j ≥ j0. Note that any two
such hyperplanes Hj ∩ a
′ may coincide.
Let us assume that there exists a reflection hyperplane H ′d ⊂ a
′ such that for every
reflection hyperplane Hj ⊂ a we have H
′
d 6= Hj ∩ a
′. This is always true for j < j0, and
for j ≥ j0 this means that H
′
d ∩ Hj is a hyperplane of H
′
d. Note that H
′
d ∩ H
′
i is also a
hyperplane of H ′d for all i 6= d. Therefore we can find 0 6= u ∈ H
′
d so that u /∈ H
′
i for all
i 6= d and u /∈ Hj for all j ≥ j0. There exists ǫ > 0 so that the open ball Bǫ(u) in a
′ with
radius ǫ and center u does not intersect H ′i for all i 6= d and Hj for all j ≥ j0.
We now choose a point v ∈ Bǫ(u) ⊂ a
′ that is not contained in H ′d and define the curve
γ : [0, 1] → Bǫ(u), t 7→ v + t(u − v), which parametrizes the line segment from v to u.
By construction, we have {j ∈ J : γ(t) ∈ Hj} = J for each t ∈ [0, 1]. According to the
Slice Theorem of Hsiang, Palais and Terng (see [9, Section 2] and [24, Section 6.5]), the
dimension of the isotropy orbit K · γ(t) satisfies
dim(K · γ(t)) = m−
∑
j∈J
mj,
where m is the dimension of a principal K-orbit in p and mj is the multiplicity of a focal
point in Hj which is not in any other reflection hyperplane Hν for ν 6= j. It follows that
dim(K · γ(t)) is independent of the choice of t ∈ [0, 1].
On the one hand, this implies that the identity components of the isotropy groups Kγ(t)
(t ∈ [0, 1]) coincide, or equivalently, the isotropy algebras kγ(t) (t ∈ [0, 1]) coincide. On
the other hand, by the choice of u and v, the orbit K ′ · v ⊂ p′ is a principal orbit of the
isotropy action of K ′ on p′ and K ′ · u is a parallel focal orbit of K ′ · v. Therefore the
isotropy algebra k′v is strictly contained in the isotropy algebra k
′
u. Thus there exists z ∈ k
′
such that ad(z)u = 0 and ad(z)v 6= 0. Since k′ ⊂ k, this implies z ∈ ku and z /∈ kv, which
contradicts ku = kv. It follows that for every reflection hyperplane H
′
i ⊂ a
′ there exists a
reflection hyperplane Hj ⊂ a such that H
′
i = Hj ∩ a
′, which implies b′ ≤ b. 
Let M = G/K be a simply connected irreducible Riemannian symmetric space and
consider the marked Dynkin diagram associated with G/K, which is the Dynkin diagram
associated with G/K together with the dimensions of the corresponding root spaces. The
dimension of a root space is also called the multiplicity of the root. Here we make the
convention that the multiplicity of a non-reduced root α is obtained by adding up the
dimensions of the root spaces of α and 2α. We denote by Φ the corresponding root system
and by Φ+ the positive roots.
If Φ is reduced and all roots have the same length, we call all roots long. If Φ is reduced
and there are roots of different length, then there are exactly two different lengths and
we can naturally distinguish between long and short roots. If Φ is non-reduced, we call
the non-reduced roots short and the other roots long.
Recall that the Weyl group acts transitively on the sets of long and short roots and so
the multiplicities of any two long (resp. short) roots are the same. This implies that all
long roots have the same multiplicity m1, and all short roots have the same multiplicity
m2. If there are no short roots, our convention is m1 = m2.
12 JU¨RGEN BERNDT AND CARLOS OLMOS
We denote by l¯ (resp. s¯) the number of positive long (resp. short) roots in Φ+. Then
we have
dim(M) = m1 l¯ +m2s¯+ rk(M). (4.1)
We call m1 and m2 the associated multiplicities of M .
Proposition 4.2. Let M = G/K be an irreducible Riemannian symmetric space of non-
compact type with associated multiplicitiesm1 andm2. Let Σ = G
′/K ′ be a totally geodesic
submanifold of M with rk(Σ) = rk(M). Let Σ1 be a de Rham factor of Σ with associated
multiplicites m′1 and m
′
2. Then we have
max{m′1, m
′
2} ≤ max{m1, m2}.
Proof. Let a be a maximal abelian subspace of p′ ∼= ToΣ. Since rk(Σ) = rk(M), a is also
a maximal abelian subspace of p ∼= ToM . We choose v ∈ a so that K
′ · v is a principal
orbit of the K ′-action on p′ and K · v is a principal orbit of the K-action on p. Every
normal vector ξ ∈ νv(K · v) of K · v at v extends uniquely to a K-invariant normal vector
field ξ˜ of K · v. The restriction ξ¯ = ξ˜|K ′·v of ξ˜ to K
′ · v is a K ′-invariant normal vector
field of K ′ · v. The actions of K on p and of K ′ on p′ are polar (see [1, 24]). This implies
that ξ˜ is parallel with respect to the normal connection of K · v in p and ξ¯ is parallel with
respect to the normal connection of K ′ · v in p′.
Let A (resp. A′) be the shape operator of K · v in p (resp. of K ′ · v in p′). For X ∈ k′
we have
Aξ(ad(X)v) = −
d
dt
∣∣
t=0
ξ˜cv(t) = −
d
dt
∣∣
t=0
ξ¯cv(t) = A
′
ξ(ad(X)v), (4.2)
where cv(t) = Exp(tX)v ∈ K
′ · v ⊂ K · v. This shows that the tangent space Tv(K
′ · v) of
K ′ · v at v is invariant under the shape operator Aξ of K · v with respect to ξ. Therefore,
each common eigenspace of the (commuting) family of shape operators of K ′ · v at v is
contained in a common eigenspace of the (commuting) family of shape operators of K · v
at v. Moreover, any curvature normal of K ′ · v at v is a curvature normal of K · v at v.
According to [1, page 63], the common eigenspaces of the family of shape operators at v of
the principal orbit K · v in p are given by Eα = pα for α ∈ Φ
+ reduced and Eα = pα⊕ p2α
for α ∈ Φ+ with 2α ∈ Φ+, where pα = (gα ⊕ g−α) ∩ p. Then
dim(Eα) = mi (4.3)
with i = 1 or i = 2, depending on whether α is a long root or a short root. The analogous
statement holds for the common eigenspaces of the family of shape operators at v of the
principal orbit K ′ · v in p′. This finishes the proof. 
Recall that a Riemannian symmetric space M = G/K of compact type is inner if the
geodesic symmetry σo of M at o belongs to K. It is known (see e.g. [27, Theorem 8.6.7])
that G/K is inner if and only if rk(G) = rk(K). A non-inner symmetric space is also
called an outer symmetric space.
Proposition 4.3. Let M = G/K be an outer irreducible Riemannian symmetric space
of compact type and let Σ = G′/K ′ be a maximal totally geodesic submanifold of M . If Σ
is an inner symmetric space, then Σ is a reflective submanifold.
Proof. Let τ ∈ K ′ be the geodesic symmetry of Σ at o. Using the same arguments as in
the proof of Proposition 3.1, we may assume that τ is an involutive isometry of M . Since
M is an outer symmetric space, τ must be different from the geodesic symmetry σo of M .
Let Σ˜ be the connected component containing o of the fixed point set of the involutive
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isometry σo ◦ τ . Then Σ˜ is a reflective totally geodesic submanifold of M containing Σ.
Since Σ is maximal, Σ˜ = Σ and thus Σ is reflective. 
For details on the following constructions we refer to [22] and the references therein. Let
M = G/K be a Riemannian symmetric space of compact type. The point o is an isolated
fixed point of the geodesic symmetry σo of M at o. The connected components different
from {o} of the fixed point set FixM(σo) = {p ∈M : σo(p) = p} are so-called polars of M .
A polar consisting of a single point is also called a pole of o. Every antipodal point on a
closed geodesic through o lies on a polar. More precisely, if γ : [0, 1] → M is a geodesic
with γ(0) = o = γ(1), then γ(1
2
) lies in a polar of o. In fact, the set FixM(σo) \ {o}
coincides with the set of antipodal points of o. Let o 6= p ∈ FixM(σo) and denote by
M+(p) the polar containing p. Then M+(p) = K · p (even is K is not connected, the
orbit K · p is connected). Thus the polars of o are the orbits of the isotropy group K at
o through the antipodal points of o
Every polar M+(p) is a reflective submanifold of M . In fact, we have TpM
+(p) =
{v ∈ TpM : dpσo(v) = v} and νpM
+(p) = {v ∈ TpM : dpσo(v) = −v}. It follows that
νpM
+(p) is the fixed point set of dp(σo ◦ σp) = dp(σp ◦ σo) and therefore the connected
component of FixM(σo ◦ σp) containing p is a totally geodesic submanifold of M and
TpM = TpM
+(p) ⊕ TpM
−(p). It follows that M+(p) and M−(p) is a complementary
pair of reflective submanifolds. Any such submanifold M−(p) is called a meridian. Any
meridian M−(p) contains o and has the same rank as M .
We assume from now on thatM is simply connected and irreducible. Then the isotropy
group K is connected. Of particular interest to us will be the so-called bottom space or
adjoint space M¯ of M . The bottom space M¯ of M is characterized by the property that
every Riemannian symmetric space M ′ that is locally isometric to M is a Riemannian
universal covering space of M¯ . It is constructed from M by identifying all points with
the same isotropy groups. The bottom space M¯ has no poles and its geodesic symmetric
are pairwise distinct isometries (see [5, Lemma 2.1]).
Let π : M → M¯ be the canonical projection. We put p¯ = π(p) ∈ M¯ for p ∈ M and
v¯ = dpπ(v) ∈ Tp¯M¯ for v ∈ TpM . The geodesic symmetry of M¯ at p¯ is denoted by σ¯p¯. Let
γv¯ : [0, 1] → M¯ be a closed geodesic in M¯ with period 1 and γv¯(0) = o¯ (= γv¯(1)). Then
p¯ = γv¯(
1
2
) is an antipodal point of o¯ and M¯+(p¯) is a polar of M¯ with dim(M¯+(p¯)) ≥ 1.
The isometry gv¯ = σ¯p¯ ◦ σ¯o¯ = σ¯o¯ ◦ σ¯p¯ ∈ I(M¯) is involutive, nontrivial and fixes every point
on γv¯([0, 1]). The linear isometry ℓ
v¯ = do¯g
v¯ of To¯M¯ is involutive, nontrivial and coincides
with parallel transport along γv¯ from o¯ = γv¯(0) to o¯ = γv¯(1). In particular, ℓ
v¯(v¯) = v¯.
Note that gv¯ = gw¯ for any w¯ ∈ To¯M¯ with γw¯(
1
2
) = p¯.
The bottom space M¯ can be written as M¯ = G/K¯ with K¯ = Go¯. The identity
component K¯o of K¯ is (isomorphic to) K. We now consider the isotropy representation
of K¯o ∼= K on To¯M¯ . For each v¯ ∈ To¯M¯ , the linear isometry ℓ
v¯ leaves the isotropy orbit
K · v¯ = K/Kv¯ invariant (see [5, Proposition 2.4] and its proof). For all k ∈ K we have
gdok(v) = kgv¯k−1 and therefore gv¯ = kgv¯k−1 for all k ∈ Kv¯. This implies ℓ
v¯ ◦ do¯k = do¯k ◦ ℓ
v¯
for all k ∈ Kv¯. The subspace FixTo¯M¯(ℓ
v¯) of fixed vectors of ℓv¯ in To¯M¯ always contains the
normal space νv¯(K · v¯). Moreover, if rk(M) ≥ 2, then FixTo¯M¯(ℓ
v¯) = νv¯(K · v¯) if and only
if K · v¯ is an extrinsically symmetric orbit.
For any Riemannian symmetric space M ′ = G/K ′ that is locally isometric to M we
can make similar constructions, using the canonical projection π′ :M →M ′ and defining
o′, v′ and other entities analogously. The subspace FixTo′M ′(ℓ
v′) of fixed vectors of ℓv
′
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in To′M
′ always contains the normal space νv′(K · v
′). However, it may happen that
FixTo′M ′(ℓ
v′) = To′M
′.
Let a be a maximal abelian subspace of p ∼= ToM and let α1, . . . , αr ∈ a
∗ be simple roots
for the corresponding root system. Let H1, . . . , Hr ∈ a be the dual basis of α1, . . . , αr.
We fix an index i ∈ {1, . . . , r}. Note that H i belongs to a simplex of dimension 1 in
the closure C¯ of the Weyl chamber C that corresponds to the choice of the simple roots
α1, . . . , αr. In fact, H
i belongs to any of the reflection hyperplanes associated with αj,
j 6= i. Then the abelian part of the normal space νHi(K ·H
i) = zp(H
i) is the real span of
H i and hence of dimension 1. This means that K ·H i is a most singular (or focal) orbit of
K. Conversely, if K ·v is a most singular orbit, then K ·v = K ·H i for some i ∈ {1, . . . , r}
with a suitable rescaling of v. In fact, by applying a suitable transformation in the Weyl
group to v, we can assume that v belongs to C¯ and so αj(v) ≥ 0 for all j ∈ {1, . . . , r}.
Then, since K · v is most singular, αj(v) = 0 except for one index i ∈ {1, . . . , r}.
Since the real span of H i is the abelian part of zp(H
i), it is the tangent space at o of
a 1-dimensional flat S1 of M . After a suitable rescaling of H i to some vector v we can
assume that γv : [0, 1]→ M is a closed geodesic with period 1. The same can be done if
we replace M by an arbitrary globally symmetric quotient M ′ of M and, in particular,
by the bottom space M¯ . After replacing H i = doπ(H
i) by a scalar multiple v¯, we obtain
a closed geodesic γv¯ : [0, 1]→ M¯ of period 1.
Let α = δ1H
1 + . . . + δrH
r be the highest root and assume that δi > 1. Then the
orbit K · H i ∼= K ·H i is not an extrinsically symmetric orbit (see [2, page 199] or [14]).
Then the tangent space To¯M¯
−(p¯) contains properly νv¯(K · v¯) = zp(v¯), where p¯ = γv¯(1/2).
Moreover, the meridian M¯−(p¯) is semisimple. In fact, if it were not semisimple, choose
0 6= w¯ ∈ To¯M¯
−(p¯) with [w¯, To¯M¯
−(p¯)] = {0}. Then [w¯, Zp(v¯)] = {0} and so w¯ = v¯ up to
rescaling, since the abelian part of zp(v¯) is 1-dimensional. Then
To¯M¯
−(p¯) ⊂ zp(w¯) = zp(v¯)
and therefore To¯M¯
−(p¯) = zp(v¯), which is a contradiction.
We can replace M¯ by any globally symmetric quotient M ′ of M and obtain a similar
result, but in this situation it may happen that M ′−(p′) = M ′ (namely, if p′ is a pole
of o′). So we have the following result that will be useful for our purposes, since totally
geodesic submanifolds of simply connected symmetric spaces are not in general simply
connected, but globally symmetric.
Proposition 4.4. Let M = G/K an irreducible Riemannian symmetric space of compact
type and M ′ = G/K ′ be a symmetric quotient of M . Let 0 6= v′ ∈ To′M
′ be such that the
isotropy orbit (K ′)o·v′ is a most singular and not extrinsically symmetric orbit. Then γv′ is
a closed geodesic, which we may assume to be of period 1. Moreover, if p′ = γv′(1/2), then
the tangent space To′M
′−(p′) of the meridian M ′−(p′) is a semisimple Lie triple system
that contains properly the normal space νv′((K
′)o · v′) = zp(v).
We now turn our attention to symmetric spaces whose root system is of type A. For
r ≥ 2, the irreducible simply connected Riemannian symmetric spaces of compact type
whose root system is of type Ar are SUr+1/SOr+1, SUr+1, SU2r+2/Spr+1 and E6/F4 (for
which r = 2).
Proposition 4.5. Let M = G/K be an irreducible Riemannian symmetric space with
root system of type Ar, r ≥ 2. Let v ∈ ToM ∼= p so that K · v is a principal orbit in p,
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and hence isoparametric. Let E(v) be the tangent space at v of a curvature sphere S(v)
of K · v. Then the connected isotropy group (Kv)
o restricted to E(v) acts irreducibly.
Proof. The key fact for the proof is that the subgroup of K that acts on the curvature
sphere S(v), when restricted to S(v), is the full group of isometries of S(v). Since the
isotropy representations for dual symmetric spaces are equivalent, we may assume that
that M is of noncompact type.
The normal space νv(K · v) of K · v at v is the maximal abelian subspace of p that
contains the regular tangent vector v. Moreover, the Weyl group W associated with the
isoparametric submanifold K · v coincides with the Weyl group of M (corresponding to
the root system determined by the maximal abelian subspace νv(K · v)).
Let ξ ∈ νv(K · v) so that E(v) coincides with the +1-eigenspace of the shape operator
Aξ of K · v. Equivalently, u = v + ξ belongs to the reflection hyperplane H of νv(K · v)
associated with E(v), and does not belong to any other reflection hyperplane of the Weyl
group. The tangent vector u belongs to a simplex of dimension r − 1 of the closure of a
Weyl chamber (such a simplex is an open subset of H). Note that the curvature normal
η(v) associated with E(v) is perpendicular to the hyperplane H of νv(K · v).
The focal parallel orbit K · u of K · v is a subprincipal orbit and
νu(K · u) = zp(u),
where zp(u) = {z ∈ p : [u, z] = 0} is the centralizer of u in p ∼= ToM . The Lie triple
system νu(K · u) splits as
νu(K · u) = H ⊕ (E(v)⊕ Rη(v)),
where H is the abelian part of the Lie triple system and E(v)⊕Rη(v) is a nonabelian Lie
triple system of rank 1. Note that v ∈ νu(K · u), since H ⊕Rη(v) = νv(K · v), and so the
rank of νu(K · u) is r.
Let N ⊂ M be the symmetric space of rank 1 associated with E(v) ⊕ R η(v). The
marked Dynkin diagram of N consists of one of the nodes of the Dynkin diagram of M
with corresponding multiplicity m (see e.g. [7]). In our particular situation there are no
double roots and m ∈ {1, 2, 4, 8}. Therefore, N = G′/K ′ is an (m + 1)-dimensional real
hyperbolic space, where G′ ⊂ G are the glide transformations of N (and so K ′ ⊂ K). If
X ⊂ M is the totally geodesic submanifold with ToX = νu(K · u), then
X = Rr−1 ×N = (Rr−1 ×G′)/K ′.
The image of the representation of (Ku)
o on ToX = νu(K · u) coincides with the image
of the isotropy representation of K ′ on ToX (see [7, Theorem 2]). Note that Kv ⊂ Ku,
since K · v is a principal orbit and u = v + ξ ∈ νv(K · v). Hence (Ku)v = Kv and then
(Kv)
o|νu(K·u) = ((Ku)v)
o|νu(K·u) = (K
′
v)
o|νu(K·u) ,
where we regard K ′ as the isotropy group at o of X , acting on ToX = H⊕ (E(v)⊕Rη(v).
In particular,
(Kv)
o|E(v) = (K
′
v)
o|E(v) . (4.4)
Note that 〈η(v),−v〉 = 1 since A−v = id. We write v = cη(v) +w with c 6= 0 and w ∈ H .
Since K ′ acts trivially on H , we get K ′v = K
′
η(v) and so E(v) may be regarded as the
tangent space of the unit sphere of ToN at
1
‖η(v)‖
η(v) . Since N is an (m+1)-dimensional
real hyperbolic space, we get K ′ ∼= SOm+1 and so K
′
v|E(v)
∼= SOm, which acts irreducibly
on E(v). Then, from (4.4), (Kv)
o acts irreducibly on E(v). 
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The following proposition follows from the classification of polars (see [22], though the
meridians are not explicitely listed there). Nevertheless, we include a direct proof here
based on general arguments. Let Φ be a root system in Rr+1 of type Ar. We can assume
that Φ = {ei − ej : i, j ∈ {1, . . . , r + 1}, i 6= j}, where e1, . . . , er+1 is the canonical
basis of Rr+1. Then ∆ = {ei − ei+1 : 1 ≤ i ≤ r} is a set of simple roots of Φ and
Φ+ = {ei − ej : 1 ≤ i < j ≤ r + 1} is the resulting set of positive roots. Note that
e1− e2, . . . , er − er+1 is a basis of the hyperplane R
r+1
0 = {x ∈ R
r+1 : x1+ . . .+ xr+1 = 0}
of Rr+1. The Weyl group W generated by the hyperplane reflections associated with Φ
acts irreducibly on Rn+10 .
Let Φ˜ be a nonempty proper root subsystem of Φ. Then, up to a suitable relabelling, Φ˜
is characterized in the following way: there exist integers 0 = d0 < d1 < . . . < dk ≤ r + 1
with dν+1 − dν ≥ 2 such that
Φ˜ = {ei − ej : i, j ∈ {dν + 1, . . . , dν+1}, i 6= j, 0 ≤ ν ≤ k − 1}.
The key fact for proving the above well-known equality is that if ei− ej and ej− el belong
to Φ˜, then ei−el belongs to Φ˜ as well, which follows by applying to ej−el the hyperplane
reflection of Rr+10 determined by ei− ej . Note that Φ˜ is the direct sum of root systems of
type Adν+1−(dν+1), ν = 0, . . . , k − 1.
Consider the following set (I) of k+r−dk+1 ≥ 2 linearly independent linear equations
of Rr+1:
(I) =
{
xdν+1 + xdν+2 + . . .+ xdν+1 = 0 , ν = 0, . . . , k − 1,
xµ+1 = 0 , µ = dk, . . . , r.
If V ⊂ Rr+10 is the subspace determined by (I), then
Φ˜ = Φ ∩ V.
Any α ∈ Φ \ Φ˜ projects nontrivially onto V ⊥ ∩ Rr+10 . Then, since Φ \ Φ˜ is finite, there
exists z ∈ V ⊥ ∩ Rr+10 such that
Φ˜ = {α ∈ Φ : 〈α, z〉 = 0}. (4.5)
We will use this equality in the proof of the following proposition.
Proposition 4.6. Let M = G/K be a simply connected Riemannian symmetric space
of compact type with r = rk(M) ≥ 2 and root system of type Ar. Let M¯ = G/K¯ be
the bottom space of M . Then V ⊂ To¯M¯ is the tangent space to a meridian of M¯ if and
only if V is the normal space to an extrinsically symmetric isotropy orbit of K¯o ∼= K (or
equivalently, for our spaces, to a most singular orbit). In particular, V is a nonsemisimple
Lie triple system of To¯M¯ .
Proof. Let M¯ be the bottom space of M and γv¯ : [0, 1] → M¯ be a closed geodesic with
period 1 and γv¯(0) = o¯ = γv¯(1). Consider the polar M¯
+(p¯) and the meridian M¯−(p¯)
through the antipodal point p¯ = γv¯(
1
2
) of o¯. The meridian M¯−(p¯) is the connected
component containing o¯ of FixM¯(g
v¯) and To¯M¯
−(p¯) = FixTo¯M¯(ℓ
v¯). Recall that M¯ = G/K¯
with K¯ = Go¯, K¯
o ∼= K, gv¯ = kgv¯k−1 and ℓv¯ ◦ do¯k = do¯k ◦ ℓ
v¯ for all k ∈ (K¯o)v¯, and
ℓv¯(K¯ · v¯) = K¯ · v¯.
We now choose w¯ ∈ v¯ + νv¯(K¯
o · v¯) such that the orbit K¯o · w¯ is principal, and thus
isoparametric. According to [5, Proposition 2.4] and its proof, the linear isometry ℓv¯
fixes pointwise the normal space νv¯(K¯
o · v¯). In fact, the parallel transport ℓv¯ along γv¯
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must be trivial when restricted to any abelian subspace of To¯M¯ containing v¯. We have
(K¯o)w¯ ⊆ (K¯
o)v¯ since K¯
o ·w¯ is a principal orbit. Moreover, we have νw¯(K¯
o ·w¯) ⊆ νv¯(K¯
o · v¯)
by construction. Then ℓv¯(K¯o · w¯) = K¯o · w¯, ℓv¯ ◦ do¯k = do¯k ◦ ℓ
v¯ for all k ∈ (K¯o)w¯, and ℓ
v¯
is the identity on νw¯(K¯
o · w¯).
Let S be the connected component of FixTo¯M¯(ℓ
v¯)∩ (K¯o · w¯) containing w¯. Since ℓv¯ is an
isometry of the orbit K¯o · w¯, we see that S is a totally geodesic submanifold of K¯o · w¯. Let
W be the orthogonal complement of Tw¯S in Tw¯(K¯
o · w¯) and α be the second fundamental
form of K¯o · w¯. For X ∈ W and Y ∈ Tw¯S we have
α(X, Y ) = ℓv¯(α(X, Y )) = α(ℓv¯(X), ℓv¯(Y )) = α(−X, Y ) = −α(X, Y ),
and hence α(X, Y ) = 0. It follows that Tw¯S is invariant under the shape operator Aξ¯
of K¯o · w¯ for any normal vector ξ¯ of S at w¯. This implies that S is an isoparametric
submanifold of To¯M¯ (which is contained in w¯ +W
⊥).
If E ′(w¯) is the tangent space at w¯ of a curvature sphere of S, then E ′(w¯) is contained
in the tangent space E(w¯) of some curvature sphere of K¯o · w¯. Since S is invariant under
the action of (K¯o)w¯, also E
′(w¯) is invariant by (K¯o)w¯. From Proposition 4.5 we know
that (K¯o)w¯ acts irreducibly on E(w¯), and consequently
E ′(w¯) = E(w¯).
Therefore, any curvature sphere of S is a curvature sphere of K¯o · w¯. This implies that
the Weyl group of S is generated by some of the reflection hyperplanes of the Weyl group
associated with K¯o ·w¯. Note that the set J ′ = {η′1(w¯), . . . , η
′
d(w¯)} of the curvature normals
S at w¯ is a subset of the set J of the curvature normals of K¯o · w¯ at w¯.
From (4.5) and its preceding paragraph, there exists z¯ ∈ νw¯(K¯
o · w¯) such that η ∈ J
satisfies 〈η, z¯〉 = 0 if and only if η ∈ J ′. This implies that Tw¯S coincides with the
(+1)-eigenspace of the shape operator of K¯o · w¯ with respect to −w¯ + z¯. Note that
z¯ = w¯ + (−w¯ + z¯) and so K¯o · z¯ is a parallel focal orbit to K¯o · w¯ and S is the connected
component of the fibers of the parallel map from K¯o · w¯ into K¯o · z¯. Then
νz¯(K¯
o · z¯) = Tw¯S ⊕ νw¯(K¯
o · w¯).
Note that ℓv¯(z¯) = z¯ and ℓv¯(K¯o · z¯) = K¯o · z¯. Moreover, ℓv¯ is the identity on νz¯(K¯
o · z¯)
and minus the identity on Tz¯(K¯
o · z¯). Thus we see that K¯o · z¯ is extrinsically symmetric.
Since the set of fixed vectors of ℓv¯ coincides with νz¯(K¯
o · z¯), the assertion follows. 
The next two results are not related to the above, but will be useful later.
Proposition 4.7. Let M be an irreducible Riemannian symmetric space and Σ be a
connected totally geodesic submanifold of M with dim(Σ) < dim(M). Then i(Σ) ≤ i(M).
Proof. Let Σ′ be a maximal totally geodesic submanifold of M with d = codim(Σ′) =
i(M). We can assume that o ∈ Σ∩Σ′. By assumption, the isotropy group K ofM = G/K
acts irreducibly on ToM . Therefore, for all 0 6= X ∈ ToM the span of {dok(X) : k ∈ K}
is equal to ToM . It follows that there exists k ∈ K such that ToΣ is not contained in
dok(ToΣ
′), or equivalently, Σ is not contained in k(Σ′). Then Σ∩ k(Σ′) is a proper totally
geodesic submanifold of Σ and the codimension of Σ ∩ k(Σ′) in Σ is less than or equal to
d. Consequently, i(Σ) ≤ d = i(M). 
Remark 4.8. Let M = G/K and Σ = G′/K ′ be irreducible Riemannian symmetric
spaces of noncompact type. We have the following obvious necessary conditions for the
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existence of a totally geodesic embedding of Σ into M :
dim(Σ) < dim(M), dim(G′) < dim(G), dim(K ′) < dim(K),
rk(Σ) ≤ rk(M), rk(G′) ≤ rk(G), rk(K ′) ≤ rk(K).
Proposition 4.7 shows that the index imposes further necessary conditions:
i(Σ) ≤ i(M) ≤ dim(M)− dim(Σ).
Choose for example M = SOod,d+k/SOdSOd+k. For given Σ, if we choose k sufficiently
large and d ≥ rk(Σ), then the first set of necessary conditions is satisfied. We know from
[4] that rk(Σ) ≤ i(Σ), and from [2] that equality holds only for SLr+1(R)/SOr+1 and
SOor,r+l/SOrSOr+l. If Σ is different from these symmetric spaces, then we can choose
d with rk(Σ) ≤ d < i(Σ). Then i(Σ) > d = i(M) and therefore the second set of
necessary conditions tells us that there cannot be a totally geodesic embedding of Σ into
SOod,d+k/SOdSOd+k for any k ≥ 0. Thus the index gives a useful additional obstruction
for the existence of totally geodesic embeddings (or immersions in the compact case) in
addition to the standard obstructions given by dimensions and ranks.
Remark 4.9. It is known that every Riemannian symmetric space M of noncompact
type admits a totally geodesic embedding into SLn(R)/SOn for some n ∈ N. This is a
consequence of the well-known unitary trick (and can also be seen as a particular case
of Karpelevich’s Theorem by embedding I(M)o into the special linear group via the ad-
joint representation).By duality,any symmetric space M of compact type admits a totally
geodesic immersion into SUn/SOn for some n ∈ N. The symmetric space SUn/SOn is
a totally geodesic hypersurface ofthe symmetric space Un/SOn. The symmetric space
Un/SOn is a symmetric R-space, arising as a symmetric orbit of the isotropy representa-
tion of the symmetric space Spn/Un. Hence Un/SOn admits an isometric immersion into
Rn(n+1) with parallel secondfundamental form. Then, by a well-known result of Vilms
[25], the corresponding Gauss map is totally geodesic. Consequently, every Riemannian
symmetric space of compact type admits a totally geodesic immersion into some real
GrassmannianSO2r+k/SOrSOr+k. Then i(M) ≤ i(SO2r+k/SOrSOr+k) = r. Thus the
index of M is a lower bound for the rank r of a real Grassmannian into which Mcan
be totally geodesically immersed (where the index of M is defined to be the sum of the
indices of the locally irreducible components of M).
The next result is useful for the investigation of totally geodesic submanifolds in re-
ducible Riemannian symmetric spaces.
Proposition 4.10. Let M = M1 × M2 be the Riemannian product of two irreducible
Riemannian symmetric spaces M1,M2 and Σ = G
′/K ′ be a totally geodesic submanifold
of M . Let o = (o1, o2) ∈ Σ and assume that To1M1 × {0} and {0} × To2M2 are not
contained in ToΣ ⊆ ToM = To1M1 × To2M2. Then codim(Σ) ≥ i(M1) + i(M2).
Proof. Let πj : M =M1 ×M2 → Mj be the canonical projection.
If π1(Σ) (M1 and π2(Σ) (M2, then Σ is contained in the totally geodesic submanifold
π1(Σ)× π2(Σ) of M and
codimM(Σ) ≥ codimM(π1(Σ)× π2(Σ)) = codimM1(π1(Σ)) + codimM2(π2(Σ))
≥ i(M1) + i(M2).
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We can therefore assume, without loss of generality, that π1(Σ) = M1. We define two
subspaces Vj = ker(doπj|ToΣ) (j = 1, 2) of ToΣ and note that both are K
′-invariant.
Case 1: V1 = {0}. Then π1|Σ : Σ→ M1 is a totally geodesic local diffeomorphism and
hence an affine map. It follows that π1|Σ is a homothety and therefore Σ is an irreducible
symmetric space.
If dim(M1) ≤ dim(M2), then dim(Σ) = dim(M1) ≤
1
2
dim(M) and
codim(Σ) ≥ 1
2
dim(M) = 1
2
dim(M1) +
1
2
dim(M2) ≥ i(M1) + i(M2),
where the last inequality follows from the fact that every irreducible symmetric space
contains at least one pair of perpendicular reflective submanifolds ([15], [16]).
If dim(M1) > dim(M2), then V2 6= {0} because of dim(Σ) = dim(M1). Since V2 is
K ′-invariant and Σ is irreducible, it follows that V2 = ToΣ. Then Σ = M1 and hence
ToΣ = To1M1 × {0}, which contradicts the assumption.
Case 2: V1 6= {0}. Then Σ is a Riemannian product Σ = Σ1 × Σ2, where Σ1 is
homothetic to M1 and π2|Σ2 : Σ2 → M2 is a totally geodesic immersion with ToΣ2 = V1.
If π2|Σ1 : Σ1 → M2 is constant, then Σ1 = M1, which contradicts the assumption. Let
us consider the totally geodesic map π2|Σ : Σ → M2. Assume that V2 6= {0}. Since
(π1, π2)|Σ is the inclusion map of Σ into M , we have V1 ∩ V2 = {0}. Then, as V2 is
K ′-invariant, we must have V2 = ToΣ1, which implies ToΣ1 = To1M1 and contradicts the
assumption. Therefore π2|Σ : Σ → M2 is a totally geodesic immersion. If π2(Σ) = M2,
then π2|Σ : Σ → M2 is an affine local diffeomorphism and so M2 = Σ = Σ1 × Σ2 up
to rescaling of the metric in each irreducible factor. This is a contradiction since M2 is
irreducible. Thus π2(Σ) is strictly contained in M2 and so
dim(Σ) ≤ dim(M2)− i(M2) ≤ dim(M1)− i(M1) + dim(M2)− i(M2),
which implies codim(Σ) ≥ i(M1) + i(M2). 
5. Lagrangian Grassmannians
The complex 2-plane Grassmannian G2(C
2r+2) = SU2r+2/S(U2U2r) is the complexifica-
tion of the quaternionic projective space HP r = Spr+1/Sp1Spr, or equivalently, HP
r is a
real form of G2(C
2r+2). The symmetric spaceM = SU2r+2/Spr+1 is the Lagrangian Grass-
mannian of all real forms of G2(C
2r+2) that are congruent to HP r. We have rk(M) = r
and dim(M) = r(2r + 3). The associated root system is of type Ar and all roots have
multiplicity 4. The symmetric spaceM = SU4/Sp2 ∼= Spin6/Spin5 is isometric to S
5 and
hence i(M) = 1. Oniˇscˇik ([23]) proved that i(M) = 6 for M = SU6/Sp3. In this section
we will prove that i(SU8/Sp4) = 11 and i(SU2r+2/Spr+1) = 4r for r ≥ 4. Through-
out this section we assume that r ≥ 3. We know from [16] that ir(SU8/Sp4) = 11 and
ir(SU2r+2/Spr+1) = 4r for r ≥ 4.
Lemma 5.1. Let Σ be a maximal, locally reducible, totally geodesic submanifold of M =
SU2r+2/Spr+1. Assume that Σ has a local de Rham factor Σ
1 = G1/K1 ⊂ M whose root
system is not of type As, where s = rk(Σ
1). Then Σ is nonsemisimple.
Proof. Let M¯ be the bottom space of M and π : M → M¯ be the canonical projection.
We use the notations introduced in Section 4. Let Σ¯ be the maximal totally geodesic sub-
manifold of M¯ with To¯Σ¯ = doπ(ToΣ). We denote by Σ¯
1 = G1/K¯1 ⊂ M¯ the corresponding
local de Rham factor of Σ¯ whose root system is not of type As. Locally, around o¯, we can
write Σ¯ = Σ¯1 × Σ¯′.
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Assume that Σ is semisimple. Then Σ¯ is semisimple. Let α1, . . . , αs be a set of simple
roots of the root system of Σ¯1 and H¯1, . . . , H¯s ∈ To¯Σ¯
1 be the dual basis of α1, . . . , αs.
Let α = δ1α1 + . . .+ δsαs be the highest root. Since the root system of Σ¯
1 is not of type
As, we have δi > 1 for some i ∈ {1, . . . , s}. Then (K¯
1)o · H¯ i is a most singular and not
extrinsically symmetric orbit in To¯Σ¯
1.
Since H¯ i is a most singular vector, we can rescale H¯ i to a vector v¯ ∈ To¯Σ¯
1 so that the
closed geodesic γv¯ : [0, 1] → Σ¯
1 has period 1 (see e.g. proof of [5, Proposition 2.4]). Let
p¯ = γv¯(
1
2
) be the antipodal point of o¯ on γv¯. It follows from Proposition 4.4 that the
tangent space To¯(Σ¯
1)−(p¯) of the meridian (Σ¯1)−(p¯) is a semisimple Lie triple system. It
may happen that To¯(Σ¯
1)−(p¯) = To¯Σ¯
1 if Σ¯1 has poles.
The meridian (Σ¯1)−(p¯) of Σ¯1 is contained in the meridian M¯−(p¯) of M¯ . By Proposition
4.6, V = To¯M¯
−(p¯) is a nonsemisimple Lie triple system of To¯M¯ . Moreover, as explained
in Section 4, V contains the centralizer zTo¯M¯(v¯) of v¯ in To¯M¯ . Note that To¯Σ¯
′ ⊂ zTo¯M¯(v¯).
Note that
W = To¯(Σ¯
1)−(p¯)⊕ To¯Σ¯
′
is a semisimple Lie triple system in To¯M¯ which is contained in the nonsemisimple Lie
triple system V . This implies that there exists z¯ ∈ V with z¯ /∈ W so that [z¯,W ] = {0}.
In particular, [z¯, To¯Σ¯
′] = {0}. Then
U = zTo¯M¯(To¯Σ¯
′) + To¯Σ¯
′
is a proper Lie triple system in To¯M¯ . Since z¯ ∈ U , we see that To¯Σ¯ is properly contained in
U . This is a contradiction to the maximality of Σ¯. It follows that Σ is nonsemisimple. 
Corollary 5.2. Let M = SU2r+2/Spr+1 and Σ be a maximal totally geodesic submanifold
of M . Assume that Σ has a local de Rham factor whose root system is not of type A.
Then Σ is locally irreducible.
Proof. Assume that Σ is locally reducible. Then Σ is nonsemisimple by Lemma 5.1.
From [2, Theorem 1.2] we see that ToΣ coincides with the normal space of an extrinsically
symmetric isotropy orbit. However, from [2, Table 3] we know that the root system of
any irreducible factor of a maximal nonsemisimple totally geodesic submanifold of M is
of type A. It follows that Σ must be locally irreducible. 
From the classification of Riemannian symmetric spaces and their root systems with
multiplicities (see e.g. [1, Section 13.1]) we immediately get the following result.
Lemma 5.3. Let Σ = G′/K ′ be an irreducible simply connected Riemannian symmetric
space of compact type whose root system is not of type As, s = rk(Σ). Let m1 and m2 be
the associated multiplicities of Σ. Then one of the following statements holds:
(i) Σ = G′/K ′ is inner, that is, rk(G′) = rk(K ′);
(ii) max{m1, m2} ≤ 2;
(iii) Σ = SO2s+n/SOsSOs+n with s ≥ 3 odd and n ≥ 4 even. [In this case Σ is outer,
rk(Σ) = s and (m1, m2) = (1, n).]
We will now investigate these three possibilities in more detail.
Proposition 5.4. Let Σ be a totally geodesic submanifold of M = SU2r+2/Spr+1 and
assume that Σ is locally isometric to SO2s+n/SOsSOs+n with s ≥ 3 odd and n ≥ 4 even.
Then codim(Σ) > ir(M).
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Proof. From [2, Table 5] we know that
Σ′ = SO2s+n−1/SOsSOs+n−1
is a maximal totally geodesic submanifold of SO2s+n/SOsSOs+n for which the codimension
is equal to the index of SO2s+n/SOsSOs+n. Furthermore, Σ
′ is a reflective submanifold
and its complementary reflective submanifold (Σ′)⊥ is locally isometric to an s-dimensional
sphere Ss. Note that Σ′ is an inner symmetric space because s is odd and n is even,
and hence its geodesic symmetry τ at o is in SOsSOs+n−1. Moreover, we have doτ =
Is ⊗ (−Is+n−1). Note that τ is in the center {(Is,±Is+n−1)} of SOsSOs+n−1, because
s ≥ 3 is odd and n ≥ 4 is even. Therefore τ can be considered as an involutive isometry
of SO2s+n/SOsSOs+n with doτ(X) = X for all X ∈ To(Σ
′)⊥. Geometrically, τ is the
isometric reflection of SO2s+n/SOsSOs+n in the reflective submanifold (Σ
′)⊥.
We now consider this setup in the bottom space M¯ of M via the canonical projection
π : M → M¯ with the corresponding totally geodesic submanifolds Σ¯, Σ¯′, (Σ¯′)⊥ and
involution τ¯ . If Σ¯ is a reflective submanifold of M¯ , then Σ is a reflective submanifold of
M and the assertion is obvious. So let as assume that Σ¯ is not a reflective submanifold
of M¯ . Since τ¯ is an involutive isometry in the center of the identity component (K¯ ′)o of
the isotropy group K¯ ′ of Σ¯, we can consider τ¯ as an involutive isometry of M¯ .
Let V + and V − be the (+1)- and (−1)-eigenspaces of do¯τ¯ , respectively. Note that
V + and V − are complementary reflective Lie triple systems. Moreover, we have To¯Σ¯
′ ⊂
V − and To¯(Σ¯
′)⊥ ⊂ V + by construction of τ¯ . If To¯Σ¯
′ = V −, then Σ¯′ is reflective and
hence Σ¯ is reflective by [5, Corollary 2.9] (since Σ¯ contains Σ¯′), which contradicts the
assumption that Σ¯ is not a reflective submanifold of M¯ . Thus we have a nontrivial
orthogonal decomposition
V − = To¯Σ¯
′ ⊕ V −1 .
If dim(V −1 ) ≥ s, then V
− is a reflective Lie triple system with dim(V −) ≥ dim(Σ¯). The
reflective submanifold Σ˜ of M with doπ(ToΣ˜) = V
− then satisfies dim(Σ˜) ≥ dim(Σ¯) =
dim(Σ). If dim(V −1 ) < s, then the isotropy group SOsSOs+n−1 acts trivially on V
−
1 . Since
τ¯ belongs to this isotropy group by construction, do¯τ¯ is the identity on V
−
1 , which is a
contradiction to V −1 ⊂ V
−.
Since n ≥ 4, SOs+n−1 (which contains the symmetry τ) acts trivially on R
d for all d ≤
s+ 2. This implies that dim(Σ˜) ≥ dim(Σ) + 2 > dim(Σ), and so codim(Σ) > ir(M). 
Proposition 5.5. Let Σ = G′/K ′ be a locally irreducible totally geodesic submanifold of
M = SU2r+2/Spr+1 (r ≥ 3) with associated multiplicities m1 and m2. If max{m1, m2} ≤
2, then codim(Σ) ≥ 4r ≥ ir(M).
Proof. Recall that the root system associated with M is of type Ar and all roots have
multiplicity 4. The number of reflection hyperplanes of a Weyl group of type Ar is
r(r+1)
2
and coincides with the number |Φ+| of positive roots in the corresponding root system.
Since every root has multiplicity 4, we get dim(M) = 4|Φ+|+ r = 2r2 + 3r.
Let l be the number of reflections hyperplanes of the Weyl group of the universal
covering space Σ˜ of Σ. Then l = l¯ + s¯, where l¯ is the number of long positive roots
and s¯ is the number of short positive roots in the root system associated with Σ˜, taking
into account our conventions made near the beginning of Section 4. Then, using the
assumption that max{m1, m2} ≤ 2 and the fact that rk(Σ) ≤ rk(M), we get
dim(Σ) ≤ l(max{m1, m2}) + rk(Σ) ≤ 2l + r.
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From Proposition 4.1 we know that l ≤ r(r+1)
2
and hence
dim(Σ) ≤ 2
r(r + 1)
2
+ r = r2 + 2r.
This implies
codim(Σ) = dim(M)− dim(Σ) ≥ 2r2 + 3r − r2 − 2r = r2 + r = r(r + 1) ≥ 4r,
since r ≥ 3. 
Proposition 5.6. Let Σ be a maximal semisimple totally geodesic submanifold of M =
SU2r+2/Spr+1. If the root system of every local de Rham factor of Σ is of type A, then
codim(Σ) > 4r.
Proof. We denote by Σ˜ the Riemannian universal covering space of Σ and consider its de
Rham decomposition Σ˜ = Σ˜1 × . . .× Σ˜b, b ≥ 1.
Case 1. Assume that Σ˜1 = S
k1 for some k1 ≥ 2 (after a suitable relabelling of the
factors).
If Σ˜ is reducible, it follows from (the dual version of) Proposition 3.1 that Σ˜ = Sk1×Sk2
with k2 ≥ 2. The rank of the isotropy group of Σ˜ must satisfy
rk(SOk1 × SOk2) ≤ rk(Spr+1) = r + 1.
Since
1
2
dim(Σ)− 1 =
k1 − 1
2
+
k2 − 1
2
≤ rk(SOk1 × SOk2),
we obtain
dim(Σ) ≤ 2 rk(SOk1 × SOk2) + 2 ≤ 2r + 4.
From this we get
codim(Σ) = dim(M)− dim(Σ) ≥ (2r2 + 3r)− (2r + 4) = 2r2 + r − 4 > 4r
since r ≥ 3, which is a contradiction.
If Σ˜ is irreducible, we have Σ˜ = Sk1 . We must have
[
k1
2
]
= rk(SOk1) ≤ rk(Spr+1) =
r + 1, which gives k1 ≤ 2r + 3 and hence
codim(Σ) = r(2r + 3)− k1 ≥ r(2r + 3)− (2r + 3) = 2r
2 + r − 3 > 4r.
It follows that none of the de Rham factors of Σ˜ is a sphere.
Case 2. Assume that Σ˜1 = E6/F4 (after a suitable relabelling of the factors). Recall
that rk(E6/F4) = 2, dim(E6/F4) = 26, and the associated multiplicities of E6/F4 are
m1 = 8 = m2. It follows from Proposition 4.2 that rk(Σ˜) < rk(M) = r.
If r = 3, then Σ˜ = E6/F4, dim(Σ) = 26 and dim(SU8/Sp4) = 27. Since SU8/Sp4 does
not admit a totally geodesic hypersurface, this case cannot occur.
If r = 4, then Σ˜ = E6/F4 since Σ˜ cannot have a rank 1 factor by Case 1. Then
dim(Σ) = 26, dim(SU10/Sp5) = 44, and hence codim(Σ) = 18 > 16 = 4r.
If r ≥ 5, then Σ˜ = E6/F4 × Σ˜
′, where Σ˜′ = {0} or Σ˜′ = Σ˜2 × . . .× Σ˜b and each Σ˜i is
an irreducible, simply connected, Riemannian symmetric space with rk(Σ˜i) ≥ 2 and root
system of type A. The isotropy group K˜ of Σ˜ must satisfy rk(K˜) ≤ rk(Spr+1) = r+1, and
thus the isotropy group K˜ ′ of Σ˜′ must satisfy rk(K˜ ′) ≤ r− 3. From the list of symmetric
spaces with root system of type A we can easily find the symmetric spaces Σ˜′ of maximal
possible dimension with rk(Σ˜′) ≤ r − 3 and rk(K˜ ′) ≤ r − 3. They are:
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(i) Σ˜′ = SU3 if r = 5;
(ii) Σ˜′ = SU4 if r = 6;
(iii) Σ˜′ = SU2(r−3)/Spr−3 if r ≥ 7.
In particular, such a Σ˜′ is always irreducible.
If r = 5, then dim(Σ) ≤ dim(E6/F4) + dim(SU3) = 34. Since dim(SU12/Sp6) = 65,
this gives codim(Σ) ≥ 31 > 20 = 4r.
If r = 6, then dim(Σ) ≤ dim(E6/F4) + dim(SU4) = 41. Since dim(SU14/Sp7) = 90,
this gives codim(Σ) ≥ 49 > 24 = 4r.
If r ≥ 7, then dim(Σ) ≤ dim(E6/F4)+dim(SU2(r−3)/Spr−3) = 26+(r−4)(2r−5). Since
dim(SU2r+2/Spr+1) = r(2r+3), this gives codim(Σ) ≥ r(2r+3)− 26− (r− 4)(2r− 5) =
14r − 46 > 4r.
Case 3. Σ˜ is a product of factors of the form SUki+1/SOki+1, SUki+1 or SU2ki+2/Spki+1
(2 ≤ ki ≤ r) with k1 + . . .+ kb ≤ r.
First assume that rk(Σ) = rk(M) = r. Let a ⊂ ToΣ ⊂ ToM be a maximal abelian
subspace. Then, by Proposition 4.1 and its proof, the root system Φ˜ associated with the
maximal abelian subspace a of ToΣ is a root subsystem of the root system Φ associated
with the maximal abelian subspace a of ToM . From (4.5) it follows that there exists
0 6= z ∈ a such that the Weyl group W˜ associated with Φ˜ fixes z. This implies that Σ is
nonsemisimple, which contradicts the assumption that Σ is semisimple.
Thus we have rk(Σ) < rk(M) = r. From the particular product form of Σ˜ it follows
easily that dim(Σ) = dim(Σ˜) ≤ dim(SU2r/Spr) = (r−1)(2r+1) and therefore codim(Σ) =
dim(M)− dim(Σ) ≥ r(2r + 3)− (r − 1)(2r + 1) = 4r + 1 > 4r. 
We can now state the main result of this section.
Theorem 5.7. For M = SU2r+2/Spr+1 we have i(M) = 4r = ir(M) if r ≥ 4 and
i(M) = 11 = ir(M) if r = 3.
Proof. We already know that ir(M) = 4r if r ≥ 4 and ir(M) = 11 if r = 3. Let Σ
be a maximal totally geodesic submanifold of M . If Σ is nonsemisimple, then we have
codim(Σ) ≥ 4r by [2, Theorem 4.2]. Assume that Σ is semisimple. If Σ is locally reducible,
it follows from Corollary 5.2 that every local de Rham factor of Σ must have a root system
of type A, which then implies codim(Σ) ≥ 4r by Proposition 5.6. Thus we can assume
that Σ is locally irreducible. If the root system of Σ is not of type A, then we have three
possibilities by Lemma 5.3:
(i): Σ = G′/K ′ is inner, that is, rk(G′) = rk(K ′). Since M = SU2r+2/Spr+1 is an outer
symmetric space, then Σ is a reflective submanifold by Proposition 4.3 and therefore
codim(Σ) ≥ ir(M).
(ii): max{m1, m2} ≤ 2. Then codim(Σ) ≥ 4r by Proposition 5.5.
(iii): Σ = SO2s+n/SOsSOs+n with s ≥ 3 odd and n ≥ 4 even. Then codim(Σ) ≥ 4r by
Proposition 5.4.
If the root system of Σ is of type A, then codim(Σ) > 4r by Proposition 5.6. 
6. Quaternionic Grassmannians
In this section we determine the index of the quaternionic Grassmann manifold M =
Sp2r+k/SprSpr+k, r ≥ 1, k ≥ 0. We already know the index for some values of r and k
from results in [2] (Table 4, Corollary 7.2 and Corollary 7.7). More precisely:
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For r = 1 and k = 0 we have i(M) = 1( 6= 4r).
For r = 1 and k > 0 we have i(M) = 4(= 4r).
For r = 2 and k = 0 we have i(M) = 6( 6= 4r).
For r ≥ 2 and k ≥ r − 1 we have i(M) = 4r.
It therefore remains to determine the index for Sp2r+k/SprSpr+k with r ≥ 3 and 0 ≤
k ≤ r − 2.
Lemma 6.1. Let r ≥ 3. If i(Sp2r/SprSpr) = 4r, then i(Sp2r+k/SprSpr+k) = 4r for all
k ≥ 0.
Proof. The canonical inclusion Sp2r ⊂ Sp2r+k leads to a canonical totally geodesic em-
bedding of Σ = Sp2r/SprSpr = Sp2r · o into M = Sp2r+k/SprSpr+k. From Proposition
4.7 we obtain 4r = i(Σ) ≤ i(M). On the other hand, from [2] we know that ir(M) = 4r.
Since we always have i(M) ≤ ir(M), we obtain 4r = i(Σ) ≤ i(M) ≤ ir(M) = 4r and
hence i(M) = 4r. 
It follows from Lemma 6.1 that it suffices to prove i(Sp2r/SprSpr) = 4r for r ≥ 3. As
we mentioned above, this equality does not hold for r ∈ {1, 2}. We will prove this equality
first for r ∈ {3, 4, 5} and then for arbitrary r ≥ 6 by an inductive argument.
The next result provides useful bounds for the index of Sp2r/SprSpr.
Lemma 6.2. We have 4r − 4 ≤ i(Sp2r/SprSpr) ≤ 4r for all r ≥ 3.
Proof. The second inequality follows from the fact that the reflective index of M =
Sp2r/SprSpr is equal to 4r for r ≥ 3 (see [2]). For the first inequality, consider the action
of the isotropy group K = SprSpr on the quaternionic Grassmannian Sp2r/SprSpr ∼=
Gr(H
2r) of r-dimensional quaternionic subspaces of H2r. This action induces a decompo-
sition H2r = Hr×Hr. Define an r-dimensional quaternionic subspace V of H2r = Hr×Hr
by V = {(z, z) : z ∈ Hr}. The isotropy group of K at V is the diagonal subgroup ∆Spr
and therefore the orbit Σ = K ·V of K containing V is isometric to Spr ∼= SprSpr/∆Spr.
One can show that Σ is a totally geodesic submanifold of M . In fact, if we consider the
base point o ∈M as an r-dimensional quaternionic subspace of H2r, then the orthogonal
complement o⊥ of o in H2r is also a fixed point of the K-action on M . Thus o⊥ is a pole
of o in M . The orbit of K through the midpoint of a geodesic in M connecting o and o⊥
is Σ. Thus Σ ∼= Spr is a centrosome of M and therefore totally geodesic in M (see [20]
for details). In [3] we proved that i(Spr) = 4r − 4. Using Proposition 4.7 we then obtain
4r − 4 = i(Spr) = i(Σ) ≤ i(M). 
Lemma 6.3. Let Σ = G′/K ′ be a totally geodesic submanifold of M = Sp2r/SprSpr and
H be a (locally) irreducible factor of K ′. Then the following inequalities hold:
rk(H) ≤ r, (6.1)
dim(H) ≤ 2r2 − 3r + 4 if h 6∼= spr, (6.2)
rk(K ′) ≤ 2r, (6.3)
dim(K ′) < 2r(2r + 1). (6.4)
Proof. We prove these inequalities on Lie algebra level. Denote by π the projection from
h into one of the two spr-factors. Then π(h) is isomorphic to h/ ker(π). Since h is simple
and π(h) 6= {0}, then π(h) is isomorphic to h and rk(h) = rk(π(h)) ≤ rk(spr) = r.
Since π(h) 6= {0} for at least one of the two projections, we proved (6.1). If h 6∼= spr,
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then dim(h) = dim(H) ≤ dim(Spr) − ir(Spr) = (2r
2 + r) − 4(r − 1) = 2r2 − 3r + 4,
since the subgroup of Spr with Lie algebra π(h) is a totally geodesic submanifold of Spr
and ir(Spr) = 4(r − 1) by [3]. Since k
′ is a subalgebra of spr ⊕ spr, we obviously have
rk(k′) ≤ rk(spr ⊕ spr) = 2r and dim(k
′) < dim(spr ⊕ spr) = 2(2r
2 + r) = 2r(2r + 1). 
Proposition 6.4. For M = Sp6/Sp3Sp3 we have i(M) = 12.
Proof. We know from Table 4 in [2] that ir(M) = 12 and that Sp5/Sp2Sp3 is a reflective
submanifold of M whose codimension is equal to 12. Assume that there exists a maximal
totally geodesic submanifold Σ of M with d = codim(Σ) < 12. From Lemma 6.2 we
obtain d ∈ {8, 9, 10, 11}. We can slightly improve this. From Theorem 4.2 in [2] we
know that Σ must be semisimple. The classification in [2] of symmetric spaces with
index ≤ 6 tells us that d ≥ 7. From Proposition 7.4 in [2] we then get that d(d − 1) ≥
2(dim(M)−rk(M)−1) = 64, that is, d ≥ 9. It follows that d ∈ {9, 10, 11}, or equivalently,
dim(Σ) ∈ {25, 26, 27}.
We write Σ = G′/K ′ with k′ = [ToΣ, ToΣ] and g
′ = [ToΣ, ToΣ] ⊕ ToΣ. Let H be a
(locally) irreducible factor of K ′. From Lemma 6.3 we know that
rk(h) ≤ 3, (6.5)
rk(k′) ≤ 6, (6.6)
dim(k′) < 42. (6.7)
Case 1: rk(Σ) = 1. Then Σ˜ ∈ {S25, S26, S27,CP 13} and so k′ ∈ {so25, so26, so27, u13}.
In all cases we have rk(k′) > 6, which contradicts (6.6).
Case 2: rk(Σ) = 2. By Theorem 3.2, Σ˜ is irreducible or Σ˜ = Sk1×Sk2 with k1 ≥ k2 ≥ 2.
If Σ˜ = Sk1 × Sk2 , then dim(k′) = dim(sok1) + dim(sok2) =
1
2
(k1(k1 − 1) + k2(k2 − 1)).
Since dim(Σ) ∈ {25, 26, 27}, we have k1 ≥ 13 and thus dim(k
′) ≥ 78, which contradicts
(6.7). Thus Σ˜ is irreducible. Since dim(Σ) ∈ {25, 26, 27} and rk(Σ) = 2, we have only
two possibilities, namely Σ˜ = SO15/SO2SO13 and Σ˜ = E6/F4. Since rk(so13) = 6 and
rk(f4) = 4, we can exclude both possibilities using (6.5).
Case 3: rk(Σ) = 3. By Theorem 3.2, Σ˜ is irreducible. Since dim(Σ) ∈ {25, 26, 27} and
rk(Σ) = 3, we have only one possibility, namely Σ˜ = SO12/SO3SO9. Since rk(so9) = 4,
we can exclude this possibility using (6.5).
Altogether it now follows that there exists no maximal totally geodesic submanifold Σ
of M with codim(Σ) < 12 = ir(M), and therefore i(M) = 12. 
Proposition 6.5. For M = Sp8/Sp4Sp4 we have i(M) = 16.
Proof. We know from Table 4 in [2] that ir(M) = 16 and that Sp7/Sp3Sp4 is a reflective
submanifold of M whose codimension is equal to 16. Assume that there exists a maximal
totally geodesic submanifold Σ of M with d = codim(Σ) < 16. From Lemma 6.2 we
obtain d ∈ {12, 13, 14, 15}, or equivalently, dim(Σ) ∈ {49, 50, 51, 52}.
We write Σ = G′/K ′ with k′ = [ToΣ, ToΣ] and g
′ = [ToΣ, ToΣ] ⊕ ToΣ. Let H be a
(locally) irreducible factor of K ′. From Lemma 6.3 we know that
rk(h) ≤ 4, (6.8)
dim(h) ≤ 24 if h 6∼= sp4, (6.9)
rk(k′) ≤ 8, (6.10)
dim(k′) < 72. (6.11)
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Case 1: rk(Σ) = 1. Then Σ˜ ∈ {S49, S50, S51, S52,CP 25,CP 26,HP 13} and so k′ ∈
{so49, so50, so51, so52, u25, u26, sp13⊕sp1}. In all cases we have rk(k
′) > 8, which contradicts
(6.10).
Case 2: rk(Σ) = 2. By Theorem 3.2, Σ˜ is irreducible or Σ˜ = Sk1×Sk2 with k1 ≥ k2 ≥ 2.
If Σ˜ = Sk1×Sk2 , then dim(k′) = dim(sok1)+dim(sok2) =
1
2
(k1(k1−1)+k2(k2−1)). Since
dim(Σ) ∈ {49, 50, 51, 52}, we have k1 ≥ 25 and thus dim(k
′) ≥ 300, which contradicts
(6.11). Thus Σ˜ is irreducible. Since rk(Σ) = 2 and dim(Σ) ∈ {49, 50, 51, 52}, we have
only three possibilities, namely Σ˜ = SO27/SO2SO25, Σ˜ = SO28/SO2SO26 and Σ˜ =
SU15/S(U2U13). In all cases we have rk(k
′) > 8, which contradicts (6.10).
Case 3: rk(Σ) = 3. By Theorem 3.2, Σ˜ is irreducible. Since rk(Σ) = 3 and dim(Σ) ∈
{49, 50, 51, 52}, we have only one possibility, namely Σ˜ = SO20/SO3SO17. In this case
we have rk(k′) > 8, which contradicts (6.10).
Case 4: rk(Σ) = 4. By Theorem 3.2, Σ˜ is irreducible or the product of two symmetric
spaces of rank 2. Firstly, assume that Σ˜ is irreducible. Since dim(Σ) ∈ {49, 50, 51, 52} and
rk(Σ) = 4, we have only one possibility, namely Σ˜ = SO17/SO4SO13. In this case we have
h = so13 and rk(h) = 6, which contradicts (6.8). Next, assume that Σ˜ = Σ˜1 × Σ˜2, where
Σ˜1 and Σ˜2 are irreducible symmetric spaces of rank 2. we can assume that dim(Σ˜1) ≥
dim(Σ˜2). Then 25 ≤ dim(Σ˜1) ≤ 47, using the fact that 5 is the lowest dimension of an
irreducible symmetric space of rank 2. We discuss the various possibilities.
If Σ˜1 = SO2+k/SO2SOk, 13 ≤ k ≤ 23, then h = sok with k ∈ {13, . . . , 23} and thus
rk(h) > 4, which contradicts (6.8).
If Σ˜1 = SU2+k/S(U2Uk), 7 ≤ k ≤ 11, then h = suk with k ∈ {7, . . . , 11} and thus
rk(h) > 4, which contradicts (6.8).
If Σ˜1 = Sp2+k/Sp2Spk, 4 ≤ k ≤ 5. For k = 5 we have h = sp5 and thus rk(h) > 4,
which contradicts (6.8). If k = 4, then dim(Σ˜1) = 32 and thus 17 ≤ dim(Σ˜2) ≤ 20.
Moreover, (6.10) implies that the rank of the isotropy group of Σ˜2 must be ≤ 2. It is easy
to check that there does not exist an irreducible symmetric space of rank 2 with these
properties.
If Σ˜1 = E6/F4, then h = f4 and dim(h) = 52, which contradicts (6.9).
If Σ˜1 = E6/Spin10U1, then h = so10 and rk(h) = 5, which contradicts (6.8).
Altogether it now follows that there exists no maximal totally geodesic submanifold Σ
of M with codim(Σ) < 16 = ir(M), and therefore i(M) = 16. 
Proposition 6.6. For M = Sp10/Sp5Sp5 we have i(M) = 20.
Proof. We know from Table 4 in [2] that ir(M) = 20 and that Sp9/Sp4Sp5 is a reflective
submanifold of M whose codimension is equal to 20. Assume that there exists a maximal
totally geodesic submanifold Σ of M with d = codim(Σ) < 20. From Lemma 6.2 we
obtain d ∈ {16, 17, 18, 19}, or equivalently, dim(Σ) ∈ {81, 82, 83, 84}.
We write Σ = G′/K ′ with k′ = [ToΣ, ToΣ] and g
′ = [ToΣ, ToΣ] ⊕ ToΣ. Let H be a
(locally) irreducible factor of K ′. From Lemma 6.3 we know that
rk(h) ≤ 5, (6.12)
dim(h) ≤ 39 if h 6∼= sp5, (6.13)
rk(k′) ≤ 10, (6.14)
dim(k′) < 110. (6.15)
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Case 1: rk(Σ) = 1. Then Σ˜ ∈ {S81, S82, S83, S84,CP 41,CP 42,HP 21} and so k′ ∈
{so81, so82, so83, so84, u41, u42, sp21 ⊕ sp1}. In all cases we have rk(k
′) > 10, which contra-
dicts (6.14).
Case 2: rk(Σ) = 2. By Theorem 3.2, Σ˜ is irreducible or Σ˜ = Sk1×Sk2 with k1 ≥ k2 ≥ 2.
If Σ˜ = Sk1×Sk2 , then dim(k′) = dim(sok1)+dim(sok2) =
1
2
(k1(k1−1)+k2(k2−1)). Since
dim(Σ) ∈ {81, 82, 83, 84}, we have k1 ≥ 41 and thus dim(k
′) ≥ 820, which contradicts
(6.15). Thus Σ˜ is irreducible. Since rk(Σ) = 2 and dim(Σ) ∈ {81, 82, 83, 84}, we have
only three possibilities, namely Σ˜ = SO43/SO2SO41, Σ˜ = SO44/SO2SO42 and Σ˜ =
SU23/S(U2U21). In all cases we have rk(k
′) > 10, which contradicts (6.14).
Case 3: rk(Σ) = 3. By Theorem 3.2, Σ˜ is irreducible. Since rk(Σ) = 3 and
dim(Σ) ∈ {81, 82, 83, 84}, we have four possibilities, namely Σ˜ = SO30/SO3SO27, Σ˜ =
SO31/SO3SO28, Σ˜ = SU17/S(U3U14) and Σ˜ = Sp10/Sp3Sp7. In the first three cases we
have rk(k′) > 10, which contradicts (6.14). In the last case we can choose h = sp7, then
rk(h) = 7, which contradicts (6.12).
Case 4: rk(Σ) = 4. By Theorem 3.2, Σ˜ is irreducible or the product of two symmetric
spaces of rank 2. Firstly, assume that Σ˜ is irreducible. Since dim(Σ) ∈ {81, 82, 83, 84}
and rk(Σ) = 4, we have only one possibility, namely Σ˜ = SO25/SO4SO21. In this case
we can choose h = so21 and so rk(h) = 10, which contradicts (6.12). Next, assume that
Σ˜ = Σ˜1 × Σ˜2, where Σ˜1 and Σ˜2 are irreducible symmetric spaces of rank 2. we can
assume that dim(Σ˜1) ≥ dim(Σ˜2). Then 41 ≤ dim(Σ˜1) ≤ 79, using the fact that 5 is the
lowest dimension of an irreducible symmetric space of rank 2. We discuss the various
possibilities.
If Σ˜1 = SO2+k/SO2SOk, 21 ≤ k ≤ 39, then h = sok with k ∈ {21, . . . , 39} and thus
rk(h) > 5, which contradicts (6.12).
If Σ˜1 = SU2+k/S(U2Uk), 11 ≤ k ≤ 19, then h = suk with k ∈ {11, . . . , 19} and thus
rk(h) > 5, which contradicts (6.12).
If Σ˜1 = Sp2+k/Sp2Spk, 6 ≤ k ≤ 9, then h = spk with k ∈ {6, . . . , 9} and thus rk(h) > 5,
which contradicts (6.12).
Case 5: rk(Σ) = 5. By Theorem 3.2, Σ˜ is irreducible or the product of a symmetric
space of rank 2 and a symmetric space of rank 3. However, there are no irreducible
symmetric paces of rank 5 and dimension in {81, 82, 83, 84}. Consequently, Σ˜ = Σ˜1 × Σ˜2,
where Σ˜1 and Σ˜2 are irreducible symmetric spaces of rank 2 or 3 and rk(Σ˜1)+rk(Σ˜2) = 5.
We can assume that dim(Σ˜1) ≥ dim(Σ˜2). Then 41 ≤ dim(Σ˜1) ≤ 79, using the fact that 5
is the lowest dimension of an irreducible symmetric space of rank ≥ 2. If rk(Σ˜1) = 2, we
can use the arguments given in the previous Case 4. Assume that rk(Σ˜1) = 3. We discuss
the various possibilities.
If Σ˜1 = SO3+k/SO3SOk, 14 ≤ k ≤ 26, then h = sok with k ∈ {14, . . . , 26} and thus
rk(h) > 5, which contradicts (6.12).
If Σ˜1 = SU3+k/S(U3Uk), 7 ≤ k ≤ 13, then h = suk with k ∈ {7, . . . , 13} and thus
rk(h) > 5, which contradicts (6.12).
If Σ˜1 = Sp3+k/Sp3Spk, 4 ≤ k ≤ 6, we need different arguments.
If k = 6, then we can choose h = sp6 and thus rk(h) > 5, which contradicts (6.12).
If k = 5, then dim(Σ˜1) = 60 and thus 21 ≤ dim(Σ˜2) ≤ 24. It follows that Σ˜2 =
SO13/SO2SO11, or Σ˜2 = SO14/SO2SO12, or Σ˜2 = SU8/S(U2U6), or Σ˜2 = Sp5/Sp2Sp3.
Since the isotropy algebra of Σ˜1 has rank 8, the isotropy algebra of Σ˜2 must have rank
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≤ 2 by (6.14). However, in all four cases the isotropy algebra of Σ˜2 has rank > 2, which
gives a contradiction.
If k = 4, then dim(Σ˜1) = 48 and thus 33 ≤ dim(Σ˜2) ≤ 36. It follows that Σ˜2 =
SO19/SO2SO17, or Σ˜2 = SO20/SO2SO18, or Σ˜2 = SU11/S(U2U9). Since the isotropy al-
gebra of Σ˜1 has rank 7, the isotropy algebra of Σ˜2 must have rank ≤ 3 by (6.14). However,
in all three cases the isotropy algebra of Σ˜2 has rank > 3, which gives a contradiction.
If Σ˜1 = SO14/U7, then h = su7 satisfies rk(h) = 6, which contradicts (6.12).
If Σ˜1 = E7/E6U1, then h = e6 satisfies rk(h) = 6, which contradicts (6.12).
Altogether it now follows that there exists no maximal totally geodesic submanifold Σ
of M with codim(Σ) < 20 = ir(M), and therefore i(M) = 20. 
Proposition 6.7. For M = Sp2r/SprSpr (r ≥ 3) we have i(M) = 4r.
Proof. Consider the symmetric space N = Sp2(r+3)/Spr+3Spr+3. We already know from
[2] that ir(N) = 4(r + 3). The symmetric space N
+ = Spr+3/Sp3Spr × Spr+3/SprSp3 is
a polar of N with corresponding meridian N− = Sp2r/SprSpr × Sp6/Sp3Sp3 (see [6] for
details). Both N+ and N− are reflective submanifolds of N and o ∈ N−.
Let Σ be a totally geodesic submanifold of N with codim(Σ) = i(N) and o ∈ Σ. Then
Σ′ = Σ ∩N− is a totally geodesic submanifold of N−. By construction, the codimension
codimN (Σ) of Σ in N and the codimension codimN−(Σ
′) of Σ′ in N− satisfy
codimN(Σ) ≥ codimN−(Σ
′).
We define subspaces V1, V2,W of ToN by V1 = To(Sp2r/SprSpr), V2 = To(Sp6/Sp3Sp3)
and W = ToΣ. Then, by construction, ToN
− = V1 ⊕ V2.
For j ∈ {1, 2} we define Kj = {k ∈ K : Vj ⊆ dok(W )}, where K = Spr+3Spr+3. If
k ∈ K \ Kj , then Vj is not a subspace of dok(W ). By continuity of the action of K on
ToN , there exists an open neighborhood Uj of k in K such that Vj is not a subspace of
dok(W ) for all k ∈ Uj . Thus K \K
j is an open subset of K.
Let 0 6= u ∈ ToN , 0 6= vj ∈ Vj , and assume that u is perpendicular to W . We define
the analytic function
fvj ,u : K → R , k 7→ 〈vj, dok(u)〉.
Assume that Kj contains a nonempty open subset Ω of K. Then fvj ,u|Ω = 0 and thus
fvj ,u = 0 by analyticity of fvj ,u and since K is connected. It follows that Rvj ⊆ dok(W )
for all k ∈ K. This is a contradiction since
⋂
k∈K dok(W ) = {0}. It follows that K
j does
not contain any nonempty open subsets of K.
Altogether we now see that K \ Kj = {k ∈ K : Vj 6⊆ dok(W )} is an open and dense
subset of K. It follows that
(K \K1) ∩ (K \K2) = {k ∈ K : V1 6⊆ dok(W ) and V2 6⊆ dok(W )}
is an open and dense subset of K. We can therefore assume, without loss of generality,
that V1 and V2 are not contained in ToΣ
′. Using Proposition 4.10 we then obtain
i(Sp2(r+3)/Spr+3Spr+3) = codimN(Σ) ≥ codimN−(Σ
′)
≥ i(Sp2r/SprSpr) + i(Sp6/Sp3Sp3).
By induction over r we can now prove the assertion. For r ∈ {3, 4, 5} we already know
that i(Sp2r/SprSpr) = 4r by Propositions 6.4, 6.5 and 6.6. For r ≥ 6 we can then use
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the previous inequality and the induction hypothesis and obtain
4(r + 3) = ir(Sp2(r+3)/Spr+3Spr+3)
≥ i(Sp2(r+3)/Spr+3Spr+3)
≥ i(Sp2r/SprSpr) + i(Sp6/Sp3Sp3) = 4r + 12 = 4(r + 3).
This finishes the proof. 
Remark 6.8. Proposition 4.10 can be generalized to the case that M =M1× . . .×Mk is
the Riemannian product of a finite number of irreducible factors. Using similar arguments
as in the proof of Proposition 6.7, we can then show the following:
Let Σ = Σ1 × . . . × Σk be a totally geodesic submanifold of a Riemannian symmetric
space M of noncompact type, where Σ1, . . . ,Σk are irreducible factors of Σ. Then
i(Σ1) + . . .+ i(Σk) ≤ i(M).
In particular, if i(M) = rk(M), then i(Σ1) + . . . + i(Σk) ≤ rk(M). Therefore, if rk(Σ) =
rk(M), then i(Σν) = rk(Σν) for all ν ∈ {1, . . . , k}. The possible factors are then known
from [2].
Theorem 6.9. We have i(Sp2r+k/SprSpr+k) = 4r for all r ≥ 3 and k ≥ 0.
Proof. This now follows from Lemma 6.1 and Proposition 6.7. 
7. Irreducible Hermitian symmetric spaces
In this section we study the index of irreducible Hermitian symmetric spaces. Our first
result states that a maximal totally geodesic submanifold of sufficiently small codimension
in an irreducible Hermitian symmetric space is a complex submanifold.
Proposition 7.1. Let M = G/K be an irreducible Hermitian symmetric space. Every
maximal totally geodesic submanifold Σ of M with codim(Σ) < 1
2
dim(M) is a (semisim-
ple) complex submanifold.
Proof. By duality, we can assume that M is of noncompact type.
Let Σ be a maximal totally geodesic submanifold of M with codim(Σ) < 1
2
dim(M).
We can assume that o ∈ Σ. Let g = k+p be the corresponding Cartan decomposition of g.
The center z(k) of k is 1-dimensional and there exists Z ∈ z(k) such that J = ad(Z) is the
complex structure on p ∼= ToM . The differential doz at o of the isometry z = Exp(
π
2
Z) ∈
K of M is doz : ToM → ToM, X 7→ JX . Then Σ
J = z(Σ) is also a maximal totally
geodesic submanifold of M with o ∈ ΣJ . By construction, we have ToΣ
J = JToΣ.
As usual, we write Σ = G′/K ′ with g′ = k′ + p′ ⊂ k + p = g, where p′ = ToΣ and
k′ = [p′, p′]. Then, since Z ∈ z(k), we have ΣJ = G′′/K ′ with G′′ = zG′z−1. Now consider
the de Rham decomposition Σ = Σ0 × Σ1 × . . . × Σl of Σ, where Σ0 is the, possibly
0-dimensional, Euclidean factor. Then, by construction, the de Rham decomposition of
ΣJ is ΣJ = ΣJ0 × Σ
J
1 × . . .× Σ
J
l with Σ
J
i = z(Σi).
The intersection q = ToΣ ∩ ToΣ
J = p′ ∩ Jp′ is a J-invariant Lie triple system in p.
Since dim(ΣJ ) = dim(Σ) > 1
2
dim(M), we have dim(q) > 0. As both p′ and Jp′ are
Ad(K ′)-invariant, the intersection q = p′ ∩ Jp′ is also Ad(K ′)-invariant.
Since maximal flats of irreducible Hermitian symmetric spaces are totally real sub-
manifolds, the Euclidean factor Σ0 is a totally real submanifold of M and therefore
ToΣ0 ∩ ToΣ
J
0 = {0}. Since Ad(K
′) acts irreducibly on each tangent space ToΣj (and
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ToΣ
J
j ) for 1 ≤ j ≤ l, we see that q =
⊕
i∈I ToΣi for some nonempty subset I of {1, . . . , l}
and ToΣ
J
i = ToΣi for all i ∈ I.
Let zp(q) = {U ∈ p : [U, q] = {0}} be the centralizer of q in p and put r = zp(q)+q. We
claim that r is a Lie triple system in p containing both ToΣ and ToΣ
J . If U, V,W ∈ zp(q),
then [[U, V ], q] = {0} by the Jacobi identity, which implies [[[U, V ],W ], q] = {0} by the
Jacobi identity. Thus [[U, V ],W ] ∈ zp(q), which shows that zp(q) is a Lie triple system
in p. For U, V,W ∈ zp(q) and U
′, V ′,W ′ ∈ q we get [[U + U ′, V + V ′],W + W ′] =
[[U, V ],W ] + [[U ′, V ′],W ′] ∈ zp(q) + q = r by a straightforward calculation. Thus r is a
Lie triple system. Since Σ is a Riemannian product Σ = Σ0 × Σ1 × . . . × Σl, we have
[ToΣi, ToΣj ] = {0} for all 0 ≤ i < j ≤ l. As q =
⊕
i∈I ToΣi, it follows that ToΣi ⊆ zp(q)
for all i /∈ I. Similarly, we have ToΣ
J
i ⊆ zp(q) for all i /∈ I. Altogether we see that r is a
Lie triple system in p containing ToΣ and ToΣ
J .
Assume that r = p. Then we can write r = p = q⊕ q⊥ with [q, q⊥] = {0}. This implies
that M is reducible, which is a contradiction. Thus r is properly contained in p.
Since Σ (and ΣJ ) is a maximal totally geodesic submanifold of M , we must have
r = ToΣ = ToΣ
J , which means that Σ = ΣJ is a complex submanifold ofM . In particular,
the de Rham decomposition of Σ has no Euclidean factor and thus Σ is semisimple. 
Our next result states that a maximal totally geodesic submanifold with sufficiently
small codimension in an irreducible Hermitian symmetric space must be a reflective sub-
manifold.
Proposition 7.2. Let M be an irreducible Hermitian symmetric space of noncompact
type with rk(M) ≥ 2 and let Σ be a maximal totally geodesic submanifold of M with
codim(Σ) < 1
2
dim(M). If
1
4
codim(Σ)2 + codim(Σ) + rk(Σ) < dim(M),
then Σ is a reflective submanifold of M . In particular, if
1
4
codim(Σ)2 + codim(Σ) < dim(M)− rk(M),
then Σ is a reflective submanifold of M .
Proof. By Proposition 7.1, Σ is a semisimple complex submanifold of M . Therefore the
slice representation ρ : K ′ → SO(νoΣ) acts by unitary transformations. As usual, we
write Σ = G′/K ′ with k′ = [ToΣ, ToΣ] and g
′ = k′ + ToΣ. Then ρ(K
′) ⊆ U(νoΣ). If
dim(K ′) > dim(U(νoΣ)) =
1
4
codim(Σ)2, then the kernel of the slice representation ρ must
have positive dimension and therefore Σ is a reflective submanifold of M by Proposition
3.4 in [2]. A principal K ′-orbit on Σ has dimension dim(M) − codim(Σ) − rk(Σ) and
thus dim(K ′) ≥ dim(M)− codim(Σ)− rk(Σ). Consequently, if 1
4
codim(Σ)2 < dim(M)−
codim(Σ) − rk(Σ), then Σ is a reflective submanifold of M . The last statement follows
from the fact that rk(Σ) ≤ rk(M). 
We now apply the previous two results to irreducible Hermitian symmetric spaces M
with r = rk(M) ≥ 2. We put d = codim(Σ) and n = dim(M).
For M = SOo2,2+k/SO2SO2+k (k ≥ 1) we have n = 2k + 4, r = 2 and ir(M) = 2. By
Proposition 7.1, a maximal totally geodesic submanifold Σ of M with d < k + 2 must be
complex. This immediately implies i(M) = 2 = ir(M).
For M = Spr(R)/Ur we have n = r
2 + r and ir(M) = 2r − 2. By Proposition 7.1,
a maximal totally geodesic submanifold Σ of M with d < 1
2
(r2 + r) must be complex.
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Assume that d < ir(M). Then d ∈ {2, 4, . . . , 2r − 4}. We have
1
4
d2 + d ≤
1
4
(2r − 4)2 + (2r − 4) = r2 − 2r < r2 = n− r.
It follows from Proposition 7.2 that Σ is reflective, which contradicts d < ir(M). Thus
we must have i(M) = ir(M).
For M = SUr,r+k/S(UrUr+k) (k ≥ 0) we have n = 2r(r + k) and ir(M) = 2r. By
Proposition 7.1, a maximal totally geodesic submanifold Σ of M with d < r(r + k) must
be complex. Assume that d < ir(M). Then d ∈ {2, 4, . . . , 2r − 2}. We have
1
4
d2 + d ≤
1
4
(2r − 2)2 + (2r − 2) = r2 − 1 < 2r2 + 2rk − r = n− r.
It follows from Proposition 7.2 that Σ is reflective, which contradicts d < ir(M). Thus
we must have i(M) = ir(M).
For M = SO∗4r/U2r we have n = 4r
2 − 2r and ir(M) = 4r − 2. By Proposition 7.1, a
maximal totally geodesic submanifold Σ ofM with d < 2r2−r must be complex. Assume
that d < ir(M). Then d ∈ {2, 4, . . . , 4r − 4}. We have
1
4
d2 + d ≤
1
4
(4r − 4)2 + (4r − 4) = 4r2 − 4r < 4r2 − 3r = n− r.
It follows from Proposition 7.2 that Σ is reflective, which contradicts d < ir(M). Thus
we must have i(M) = ir(M).
For M = SO∗4r+2/U2r+1 we have n = 4r
2 + 2r and ir(M) = 4r. By Proposition 7.1, a
maximal totally geodesic submanifold Σ ofM with d < 2r2+r must be complex. Assume
that d < ir(M). Then d ∈ {2, 4, . . . , 4r − 2}. We have
1
4
d2 + d ≤
1
4
(4r − 2)2 + (4r − 2) = 4r2 − 1 < 4r2 + r = n− r.
It follows from Proposition 7.2 that Σ is reflective, which contradicts d < ir(M). Thus
we must have i(M) = ir(M).
From these calculations we conclude:
Theorem 7.3. For an irreducible Hermitian symmetric space of classical type we have
i(M) = ir(M).
Remark 7.4. It is somewhat surprising that this argument is inconclusive for the irre-
ducible Hermitian symmetric spaces of exceptional type.
For M = E−146 /Spin10U1 we have n = 32, r = 2 and ir(M) = 12. By Proposition 7.1,
a maximal totally geodesic submanifold Σ of M with d < 16 must be complex. Assume
that d < ir(M). Then d ∈ {2, 4, 6, 8, 10}. We have
1
4
d2 + d < 30 = n− r ⇐⇒ d ∈ {2, 4, 6, 8}.
It follows from Proposition 7.2 that the index of M is either 10 or 12. We proved in [5],
with different methods, that i(M) = 12 = ir(M).
For M = E−257 /E6U1 we have n = 54, r = 3 and ir(M) = 22. By Proposition 7.1, a
maximal totally geodesic submanifold Σ of M with d < 27 must be complex. Assume
that d < ir(M). Then d ∈ {2, 4, . . . , 20}. We have
1
4
d2 + d < 51 = n− r ⇐⇒ d ∈ {2, 4, 6, 8, 10, 12}.
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It follows from Proposition 7.2 that i(M) ∈ {14, 16, 18, 20, 22}. We proved in [5], with
different methods, that i(M) = 22 = ir(M).
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